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Example 4. Determine whether — is analytic or not ?
z

. . 1 ) 1 x—iy
Solution. Letw=f(z)=u +iv=— = u+iv = —=— :
Z x+iy x +y
Equating real and imaginary parts, we get
g -y
= 5 v=
u & 4y JENE
Ou (x*+yH).1-x2x _ yr-xt Ou _ -2xy
ax - (x2 + y2)2 (xz +y2)2 ’ @) (x2 +y2)2 !
ov 2xy v_ Yy -
ax (P +y) oy (F+y)?
a
Thus, I YL L

ox ay ay o
Thus C — R equations are satisfied. Also partial derivatives are continuous except at (0, 0).

Therefore 1 is analytic everywhere except at z = 0.
z
Also -V = -

aw 1
This again shows that —— exists everywhere except at z = 0. Hence — is analytic
z

dz
everywhere except at z = 0. Ans.
Example 5. Show that the function e* (cos y + i sin y) is an analytic function, find its
derivative. |

Solution. Let ¢* (cosy+isiny) =u+iv

. fad x ov
So, e*cosy=u and e"siny=v then o ¢ cosy —=e*cosy
x

5]
'—u=-€x5iﬂy, @'=€x3iﬂy
Ox
ou_ov on_ o
Here we see that o ay’ oy o

These are C — R equations and are satisfied and the partial derivatives are continuous.
Hence, e*(cosy+isiny) is analytic.
. % . ou o,
f(@)=u+iv=e"(cosy+isiny) and ap € o5y, So=esmy

fl()= %ﬂi;& =e" cosy+ie* siny = e’ (cosy+isiny) = e .e” = = et
x  Ox
Which is the required derivative. Ans.

Example 6. Test the analyticity of the function w = sin 7 and hence derive that:
d
—(sinz)=cosz
dz

Solution. w =sinz = sin(x +iy) = sinxcosiy +cosxsin iy



= sinxcoshy+icosxsinhy coshx = +2e . ()
u=sinxcoshy, v=cosxsinhy [cos iy = coshy & —e*
o a sinhx = - (2)
P cosxcosh y, — =sinxsinhy| sin iy = isinh y ix | Cix
x ¥ cosx= T .. (3)
oy ov ix  —ix
— =—sinxsinhy, — =cosxcoshy L& ~e
X dy simx 2 .. (4)
ix + —ix
ou ov ou  ov From (1) coshix = € T8 - cosx
Thus o 5 and By ox i(ix)2 —i(ix)
X +
o From (3) cosix = ¢ re
So C - R equations are satisfied and . 2—x
partial derivatives are continuous. = -;e = coshx
Hence, sin z is an analytic function. i) _ ilix)
d d From (4) sinix = S —
—(sinz) = —[sin x cosh y +icos x sinh y] 2i
dz dz cet-et
=i =isinhx
= —a—(sinxcoshy+icosxsinhy) . e _e ™ .
Ox From (2) sinhix =——— = jsinx
= cosxcoshy—isinxsinhy = cosxcos iy—sinxsin iy
= cos(x+iy) = cosz Ans.

Example 7. Show that the real and imaginary parts of the function w = log z satisfy the
Cauchy-Riemann equations when z is not zero. Find its derivative.

Solution. To separate the real and imaginary parts of log z, we put x = rcos0; ¥ = rsind
w=logz =log(x +iy)
0

= - . - .. _ : f
u+iv=log(rcos6 +irsin®) = logr(cos0 +isin0)=log, r.e \/2_2
r=4x"+y
= log, r +1og, ¢® = logr +i0 = logyx> +y? +itan' 2 gy
x 0 =tan =
X
So u= log\[x2 +y2 :%log(xz-&-yz), y=tant2
X
On differentiating u, v, we get
ou 1 1
o~ 2x)= .
x 2x21y 2x) R 1)
dy 2 ix) X242
1+
X
From (1) and (2), @zg ... (A)
ox Oy
Again differentiating u, v, we have
ou 1 1 y
= (y)= . (3)
5}’ 2x2+y2 Y x2+y2
@_;(_L)_ v
ox 2 21772, 2 .. (@)
X PR x“+y



From (3) and (4), we have
@ L

dy " .. (B)

Equations (A) and (B) are C — R equations and partial derivatives are continuous.
Hence, w = log z 1s an analytic function except

when $+yP=0= x=y=0>= x+iy=0 = z=0
Now W=u+iv
dw Ou _Ov x .y x—iy
—_— = -1 =
dz Bx  Ox x4y’ xP4y?  xP4y?
_ x—iy L
- (x+iy)(xﬁiy)wx+iy-z
Which is the required derivative. Ans.

Example 8. Find the values of C, and C, such that the function
f(z) = x*+C; y* = 2xy+i(Cyx* —y* +2xy) is analytic. Also find f'(z).

Solution. Let f@ =u+iv=x>+Cy* - 20y +i(Cyx? -y +2xy)
Equating real and imaginary parts, we get

u=x*+Cy*-2xy and v=Cyx’ - y? +2xy

o 0
a_ 2x—2y and & =2Cyx+2y
Ox Ox

% =2Cy—-2x and g:—2y+2x
ay ay

C — R equations are

ou_ov

Ox ay = 2x—2y=—2y+2x (1)
Ou ov )
g:-a 2C1y—2x:—2C2x_2y .

From (2) equating the coefficient of x and y.
2C,=-2 = (C=-1

Hence, C1 =-1and C2 =1 Ans.
On putting the value of C,. we get

Ou ov

—_— = —_ —=2x+2

o 2x =2y, o y

fl(z) = va—u +i@ =Q2x=-2y)+i2x+2y) =2[(x +ix) + (—=y+iy)]
ox Ox
= 2[+Dx+i(l+i)y] = 20+ (x+iy) =2(1+i)z

This is the required derivative. Ans.

Example 9. Discuss the analyticity of the function f(z) =zZ.

Solution. f(2) =27 = (x+iy) (x—iy) = x> =iy’ = x* +)*



f@=x"+y" =u+iv.

u=x+3°>,v=0

o du . u(0+h, 0)-u(0,0) .k
At origin, o lim = lim i 0
ou _ . u0,040)-u(0,0) .k _
ay k=0 k k=0 kL
ov v(0+h,0)—v(0,0
Also, X~ fim X )00 _
6x h—0
¥ _ o v0,0460)-v(0,0) _
ay k-0 k
ou _ov d ou v
Thus, P ay ay g
Hence, C - R equations are satisfied at the origin.
z 0 ¥ 4+y")-0
F© =lig LOSO _ jyy & 45
2o x+iy
Let z — 0 along the lme ¥y = mx, then
£0) = Tim (x"+m x7) _ (l+m‘)x=
=0 (x+imx) =0 1+im

Therefore, f(0) is unique. Hence the function f(z) is analytic at z=0.

Ans.

Example 10. Show that the function f (z) = u + iv, where

P (1+i)-y (1-i)

(z)= , z#0
f x4y
= =0
satisfies the Cauchy- Riemann equations at z = 0. Is the Sfunction analyticat z =0 ?
Justify your answer.
Solution. f(o)= al (1+12) yz(l—z) u+iv
X +y
343 3,.3
= xz yz . _X +y
X" +y Xt +y?
au ou oOv Ov 0 ]
[By differentiation the value of é‘y a a at (0, 0) we get o’ so we apply first
principle method]
At the origin
B3
ou _ u(0+h, 0)—u(0, 0) — lim h2 -1 (Along x- axis)
Ox ko0 h h0 h
—_3
7 .
Qu = lim u0,0+k6-u0©,0 =lim % =_1 (Along y- axis)
Gy k-0 k k=0 k
B3
@ - v(0+h, 0)—v(0, 0) - lim h* 1 (Along x- axis)
Ox ho0 h h>0 h
i
el .
P i YOO VO0) o K (Along y-axis)
oy k0 k k-0 k



Thus we see that

ou v ou  ov
= and —=-=

o oy y  ox

Hence, Cauchy-Riemann equations are satisfied at z = 0.

x3—y3+i(x3+y3)_

0
mM:hm x2+y2 ()

. S0 =1
Agam z—0 z z—0 c+i y

2 2

33,3, .3
- lim X =y +i(x +y). 14
x“+y x+iy

Now let z — 0 along y = x, then

3.3, 003 3
£10) =lim x —x :rt(x7 +x )( 1 j
¥-30 x"+x x +ix
2i i i(1-1) i+1 1 ;
= —=——=———= ==+ (D)
21+0) 1+i (A+HA-i) 1+1 2
Again let ; —» 0 along y =0, then
3,..3
. + 1 :
f1O)=lim ="~ = (1+i) [Increment = z] ... (2)
x—0 X X

From (1) and (2), we see that ' (0) is not unique. Hence the function f (z) is not analytic at
z=0. Ans.

Example 11. Show that the function defined by f(z) = /| xy|
Satisfies Cauchy-Riemann equation at the origin but is not analytic at that point.

Solution. Let f@ =u+iv=,/|xy|

Equating real and imaginary parts, we get u = ,/|xy| ,v=0

At origin
ou .. u(O+h 0-u©,0 . 0-0
— = lim =lim —=0
Ox h-0 h h>0 h
@: lim u(0, 0+ k) —u(0, 0) - lim 0-0 -0
Oy k-0 k k=0 k

Also P i X0 OO0, 020,
Ox -0 h >0 h
@: lim v(0, 0+ k)—v(0, 0) _ lim 0-0 —o
Oy k-0 k k=0 k

From the above results, it is clear that
Oou ov ou  ov
=— aIld —_=

o oy oy

Hence, C- R equations are satisfied at the origin

f@=fO _ . [0
Z

=0 x+iy

ro- i



Let z —» 0 along the line y = mx, then

2
J -0
Foy =t L™ 120 iy M1

x>0 x(1+im) x>0 1+im

Thus, the limit on R.H.S. depends upon m and hence will have different values for different
values of m.
Therefore, f'(0) is not unique.

Hence the function f (z) is not analytic at z = 0. Ans.
Example 12. Show that the function

f@=e*, (z#0) and
fO®=0
is not analytic at 7 = 0,

although, Cauchy-Riemann equations are satisfied at the point. How would you explain this.
1

. " _ 4 o s -4 w N
Solution. f@=u+iv=e? =N =g (x+ip)t
(x=iy)* 1 % 5% o8
) (X2+y2)‘ 5 (x*+yt -6xPy?)-idxy(x?-y)]
= Uu+iv=e YV = g YY)
x"+y4~6x2y2 -i4xy(x2-y2)
2 2.4 2 2.4
= u+iv=e V) o ¥

4 4 2 2 2 2 2 2
= Rt At B
= 1) (C ) " +y%)
Equating real and imaginary parts, we get

teytoedy? amd-y?) aytoex?y? Ay i-yY)
2. .24 ST 533 ST T TR
u=e &) ) y=e  (THy7) (x"+y7)
-4
ou .. u©+h 0)-u@©, 0) .. e ‘ 1
At z=0 —=Ilim 2 > 2 =lim——= lim
ox ko0 h h>0 h h—0 L4
heh

= lim 1 e o
h—0 % 1 1 1 0+ o
ok i
Woo2h 6h"
4
P _ iy PO OFE O o8 g L g
dy k-0 k k-0 k k-0 L
k e*
_yd
B O 0.0 € -1 g
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-4
. (0, 0+k)-v(0,0) . eF .
@=hmv( k)~ )=hme =lim 1 =0
Oy k-0 k k=0 k k=0 a1
ket
Hence ? = % and % = —? (C - R equations are satisfied at z = 0)
X x
But £10)= lim TEO=TO _ €™
z—0 z z—=0 Z
K 4
n V[e?} - {cus%ﬁsiu%)_‘
i~ 4 e’ e
e 4 , . . =1
Along z=re 10y = }To% }1_{13 =
red re
e g o e—r"‘ e
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r—0 ;'E r—0 ,'E
re? re?

Showing that f'(z) does not exist at z = 0. Hence f () is not analytic at z = 0.

Example 13. Examine the nature of the function

X 5(x+iy)
[ = :T_'_y}*g—;z;tO
f)=20

in the region including the origin.

Syt Lo

Solution. Here f@=u+iv= T
X +y
Equating real and imaginary parts, we get
35 2.6
xy xy
u= , V=
x4+ 10 x4+y10
0
du . wO+h0)—u©0 .. p* .. 0
= =1 = >~ = lim £ = lim ~ =0
& a5o h W0 B hao
0
du  u(0,0+k) -u(0,0) .. ;0 0
= =1 ’ ~— = lim £ =1im Z=0
v - 5o ? k50 K knok
9O
_ 4
X i YOO VOO By O
ox h—0 h hs0 h  hooh
0
_ 10
W i XO0FD YO0y ki O
Oy ko0 k k=0 k  koo0k
From the above results, it is clear that
Ou _0Ov Bu Bv

> o W 5T
Hence, C-R equations are satisfied at the origin.

Proved.



i LO+D =@ _ {y (x +iy) _0} I

But SO = z 50| L4 0 "x+iy (Increment = z)
y—0 y
2y
= j'_l,no 4, o0
y—~>0x y

Let z — 0 along the radius vector y = mx, then

5.7 5.3
mx mx 0

"(0) = lim = lim =—=0
J'(©0) 290 ¢t %0 x50 L+ m%%° 1 - (1)

Again let z — 0 along the curve 3’ = x*

x* 1

f'©0) = lim — =3 (2

T

(1) and (2) shows that /'(0) does not exist. Hence, f (z) is not analytic at origin although
Cauchy-Riemann equations are satisfied there. Ans.

10 C-R EQUATIONS IN POLAR FORM

du 1oy
o 10
ou ov
—_— = -1 —
0 or

Proof. We know x = r cos 0, and « is a function of x and y.

z = x+iy = r(cosO+isind) =re®

u+iv=f(z)= f(rev) .. (D)
Differentiating (1) partially w.r.t., "1", we get
ou  ov re 10y 0
— +i—= )
o lar f(re™).e . (2)
Differentiating (1) w.r.t. "6", we get
% + i% =f (re®yre®i .. (3)

Substituting the value of f”(re™)e® from (2) in (3), we obtain

v [au .av]. du v du  ov
——ti—=r|—+i|i o —+i—=ir—-r—
0 & o o 0 M or or
Equating real and imaginary parts, we get
ou ov ov -1 0u
ol 5 o
o0 or or r 00
or 7 20 roved.




