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Elementary Transformations of a Matrix

Definition : Elementary Transformations of a matrix means some operations performed on rows or
columns of the matrix to transform it into a different form so that the calculations become simpler.

Elementary transformations performed on rows of a matrix are known as elementary row
transformations and elementary transformations performed on columns of a matrix are known as
elementary column transformations.

There are six elementary transformations of a matrix, three due to rows and three due to columns :

(i) Interchange of any two rows (or columns) of a matrix

(ii) The multiplication of all the elements of any row (or columns) of a matrix by a non zero
number

(iii) The addition to all the elements of any row (or column) of a matrix, the corresponding
elements of any other row (or column) multiplied by some number

Notations for Elementary Transformations

The following notations are used to denote the elementary transformations :

(i) R; : It stands for the interchange of the ith and jth rows of a matrix.
(i) R, (c): It stands for multiplication of the ith row of a matrix by a number ¢ # 0.

(iii) R,»j (k): It stands for addition to the ith row of a matrix, the product of the jthrow by a

number k.

The corresponding column transformations are denoted by C in place of R, i.e., by Cj, Ci(c) and

Ci; (k) respectively.

Equivalent Matrices

If a matrix B can be obtained from a matrix A by performing a finite number of elementary row (or
column) transformations, then B is said to be equivalent to A4 and it is writtenas B ~ A.

Note : It can be proved that equivalence of matrices is an equivalence relation.

Elementary Matrices

Definition : A matrix obtained from a unit matrix by subjecting it to any of the elementary
transformations is called an elementary matrix.

There are four types of elementary matrices :

(i) Ej;: It stands for a matrix obtained from a unit matrix by interchanging its ith and jth rows

(or columns).

(ii) E,-(c): It stands for a matrix obtained from a unit matrix by multiplying its ith row (or
column) by a number ¢ # 0.
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(iii) E,»./-(k): It stands for a matrix obtained from a unit matrix by addition to its ith row (or

column), the product of its jth row (or column) by a number %.

(iv) E'f,- (k) : It stands for the transpose of E (k)

Theorem : The elementary matrices are non-singular.

Proof : There are four types of elementary matrices : £, E; (c), E;; (k)and E (k).

We have to prove that each of these is non-singular.

E; is non-singular

We know that if any two rows or columns of a determinant are interchanged, then its value remains
the same but the sign is changed. Therefore,

=1

y

, Where I denotes the unit matrix

——1 (~]7]=1)

=0

This=> E;; is non-singular.

E; (c) is non-singular

We know that if each element of any row or column of a determinant is multiplied by a non-zero
number ¢, then the determinant is multiplied by ¢. Therefore,

| Eie)|=c|1]
=c.l (] 1]=1)
=cC
=0

This= E; (c) is non-singular.

E; i(k) is non-singular

We know that a determinant remains unaltered in value by adding to all the elements of any row or
column, a constant multiple of the corresponding elements of any other row or column. Therefore,

| (k)| =| 1]
y (1]
=0

This = E;; (k) is non-singular.

’
E (k) is non-singular

Since a matrix A4 and its transpose A' have the same determinant, therefore
:| Eij(k)|

=1 ( | E;, (k) | =1, as proved earlier)

=0

£

'
This = E (k) is non-singular.
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Elementary Transformations and Elementary Matrices

Theorem 1.
(a) Every elementary row transformation on the product AB of two matrices 4 and B is
equivalent to the same elementary row transformation on the pre-factor 4 of AB.

(b) Every elementary column transformation on the product 4B of two matrices 4 and B is
equivalent to the same elementary column transformation on the post-factor B of AB.

Proof : Let 4 and B be two matrices of orders mxn and n x p respectively so that the product
AB is defined.

Let the rows of A be denoted by R;,R,,R;,...,R,, and let the columns of B be denoted by
C.,C,,C,...,C,. Then, we have

R
R,
A=|.. | and B=[C, C, ... C,].
_R,n_
Therefore,
'RC, RC, .. RC, ]
RzCl R2C2 RZCp
AB =
R,.C, R,C> .. R,C,]

This representation of the matrix AB shows that if the rows R, R,, R;, ..., R, of A be subjected to
any elementary transformation, then the rows of 4B are also subjected to the same elementary
transformation. This proves (a).

Similarly, the product 4B indicates that if the columns C,,C,,C;,...,C,. of B be subjected to any

elementary transformation, then the columns of AB are also subjected to the same elementary
transformation. This proves (b).

Theorem 2.

(a) Every elementary row transformation of a matrix can be brought about by pre-multiplication
with the corresponding elementary matrix.

(b) Every elementary column transformation of a matrix can be brought about by post-
multiplication with the corresponding elementary matrix.
Proof : (a) Let A be any matrix and /, the unit matrix. Then, we can write
A=14 (1)
Now, let us apply some elementary row transformation A on A4 and let the matrix obtained from A4
by applying this elementary row transformation A be denoted by (A),.Then, it follows from
equation (1) that

(A), =A);
This=> (A4), = (I), 4

[Since every elementary row transformation on the product 4B of two matrices A and B is
equivalent to the same elementary row transformation on the pre-factor 4 of AB. ]
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= (A)i = EA,

where E denotes the elementary matrix corresponding to the elementary row transformation A .
This proves (a).

(b) If A be any matrix and [, the unit matrix, then, we can write

A=Al (2)
Now, let us apply some elementary column transformation z on A4 and let the matrix obtained from
A by applying this elementary column transformation x be denoted by (A)/,. Then, it follows from
equation (2) that

(4), =(41),
This=> (4), = A(I),,

[Since every elementary column transformation on the product 4B of two matrices 4 and B
is equivalent to the same elementary column transformation on the post-factor B of 4B. ]

= (4), = AE,
where E denotes the elementary matrix corresponding to the elementary column transformation

M . This proves (b).

Theorem 3. The inverse of a non-singular matrix can be obtained by elementary transformations.

Proof : Let A be a non-singular matrix.

We have to prove that A" can be obtained by elementary transformations.

Let us apply some elementary row transformations on the matrix A until A4 is reduced to the unit
matrix /. This is equivalent to pre-multiplying the matrix A by the corresponding elementary

matrices E,, E,, ..., E; until A isreduced to the unit matrix /. Therefore, we have
(E\E, ..En))A=1
This=> (E, E, ... E,)AA™ = I4™"
= (E Ey .. E) =A™ [-44'=1 and 147" =4"]

= If the matrix A is reduced to the unit matrix / by some elementary row transformations, the
unit matrix 7 is reducedto A~ by same elementary row transformations.

Similarly, if we have to find A using elementary column transformations, then we apply some
elementary column transformations on the matrix 4 until A4 is reduced to the unit matrix /. This is
equivalent to post-multiplying the matrix A by the corresponding elementary matrices
E\,E,,...,E; until Aisreducedto /. Therefore, we have

A(El E2 ---Ek) = 1
This=> A A(E, E, ...E,)=A"'1
= I(E,E,..E)=A" l-a'a=1 and 4'1=4"]

= If the matrix A is reduced to the unit matrix / by some elementary column transformations,

the unit matrix / is reducedto A" by same elementary column transformations.
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Example : Compute the inverse of the matrix

-1 -3 3 -1
1 1 -1 0
A=
2 =5 2 -3
-1 1 0 1

Solution : A matrix B is the inverse of a matrix A, if

BA = I,where [ is the unit matrix of the same order as A.
For the given matrix A, we can write

A=14, (1)
where [ is the unit matrix of order 4.

Now, we apply elementary row transformations on the matrix 4 on the LHS of equation (1) in order

to transform it to the unit matrix /.

From equation (1), we have

-1 -3 3 —1] [1 0 0 O
I 1 -1 0[]0 100
2 -5 2—3_0010’4
-1 1 0 1] |0 0 0 1
1 3 -3 1] [-1 0 0 O]
This = bl 0: . OA (Replacing Rlby—Rl)
2 -5 2 -3 0 10
-1 1 0 1] [0 0 0 1
1 3 -3 1] [-1 0 0 O]
0 -2 2 -1 100
Zlo 11 8 =57 20 1 0/°
0 4 - 2] [-1 0 0 1

(Replacing R, by R, —R;, Ryby R; —2R, and R, by R, + Rl)

3 -3 1 -1 0
-1 1/2 -1/2 -1/2

—_

-11 8 -5 2 0
4 -3 2 -1 0

. 1
A (Replacmg R, by — 5 R, j

S O O =
S = O O
- o O O



1
0
=
0
0

0
1
0
0

1

-1/2 1/2 3/72 0 0
/2 | -2 -1/2 0 0 4
1/2 -7/2 -11/2 1 0

0 1 2 01

(Replacing R, by R, —3R,, Ry by Ry +11R, and R, by R, —4R,)

S O O =

S O O =

—~

where B =

0
1
0
0

S O = O S O = O S O = O

—_— N = DN

0

-1

0
0
1
0

S = O O

S = O O

1
1

-1/2 /2 3/2 0 o0

12 = —b2 -1 0 0 A (Replacing& by—lR3j
-1/6 7/6 11/6 -1/3 0 3

0 1 2 0 1

-1/2 /2 3/2 0 o0

1/3| | 2/3 4/3 -1/3 0 y
-1/6 7/6 11/6 -1/3 0

1/6 -1/6 1/6 1/3 1

Replacing R, by R, + R; and R, by R, — R3)

~1/2] T1/2 3/2 0 0
3| |23 43 -3 0| (Replacing R, by 6£.)
~1/6| |7/6 11/6 -1/3 0
1l l-1 1 2 &6
02 1 3
11 -1 -2
12 0 1]?
11 2 6

—_— N = DN

is the inverse of A.
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Exercises

Compute the inverse of the following matrices :
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02 1 13 012 2
11 -1 -2 112 3
L2 0 1 12 2 2 3
11 2 6 2033 3
Answers

13 -3 1 33 -3 2

1 1 -1 0 3 -4 4 -2
Mg 13 —16 3 3 4 -5 3
3 -5 6 -1 2 -2 3 -2



