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FuncTtions oF CoMPLEX VARIABLE,
AnALYTIC FUNCTION

1 INTRODUCTION
The theory of functions of a complex variable is of atmost importance in solving a large
number of problems in the field of engineering and science. Many complicated integrals of
real functions are solved with the help of functions of a complex variable.

2 COMPLEX VARIABLE

X + iy is a complex variable and it is denoted by z. ¥

(1) z=x+iy. where ;—,/—1 (Cartesian form) y

(2) z = r(cos O + i sin O)(Polar form)

3) z=re'’ (Exponential form)
3 FUNCTIONS OF A COMPLEX VARIABLE

f(z) is a function of a complex variable z and 1s denoted by w.
w=f(2)
W=u+iv

where u and v are the real and imaginary parts of f(z).

4 LIMIT OF A FUNCTION OF A COMPLEX VARIABLE
Let f (z) be a single valued function defined at all points in some neighbourhood of point 2y
Then the limit of f(z) as z approaches % is Wy
lim f(z) = w,

b
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5 CONTINUITY
The function f (z) of a complex variable z is said lo be continuous at the point 38 if for
any given positive number e, we can find a number & such that | f(z) - f (z0)| < e



for all points z of the domain satisfying
|z=2,|< &
J (z) is said to be continuous at z = z if
lim f(z)= f(zg) Y

7
6 DIFFERENTIABILITY
Let f (z) be a single valued function of the variable z, then
fz+82)- f(2)

F@= alzl—l:}) Sz o)

provided that the limit exists and is independent of the path along which §; — 0.
Let P be a fixed point and Q be a neighbouring point. The point Q may approach P along any

straight line or curved path.
Example 1. Consider the function
fR)=4x+y+i(-x+4y)
af

and discuss N

Solution. Here, f@)=4x+y+i(-x+4y)

= u+iv
SO u=4x+y
and v=-x+4y

[(z+82) = 4(x +8x)+ (y+8y) — i(x + dx) + 4i(y + Sy)
f(z+82)— f(2) = 4(x +dx) + (y +3y) —i(x +dx) + 4i(y +Oy) — 4x — y +ix — 4iy

= 40x+3y—idx+4idy
f(z4+08z2)— f(2z) 45x+dy—idx+4idy

oz dx +idy
Of _ 45x +3y —idx +4idy
= 5 8x +idy Vi
(a) Along real axis: If Q is taken on the Q'(x, y +dy)

horizontal line through P (x, y) and Q then approaches
P along this line, we shall have 8y =0 and 8z = &x.

Q"(x + 0x, y + dy)

8_f= 48x —idx il P(x. y)

SZ ox 0

(b) Along imaginary axis: If Q is taken on the vertical line through P and then Q

approaches P along this line, we have
z=x+iy=0+iy, 8z =idy, dx =0.
Putting these values in (1), we have

Q=M=1(1+40=4_i
oz idy i

(c) Alonga liney = x : If Q is taken on a line y = x.
z=x+iy=x+ix=(1+i)x

8z=(1+i)dx and Jy=0dx



On putting these values in (1), we have
Of  Adx+dx—idx+4idx 4+1-i+4i  S5+3  S+3)(1-0) 4

8z Bx +idx 1+i 1+ A+dA-i)
In all the three different paths approaching @ from P, we get the same values of —gi =4-i.
A

In such a case, the function is said to be differentiable at the point z in the given region.
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Example 2. If f (z) = x4yt then discuss 4 atz =0.
0, z=0 dz
Selution. If 7 —» 0 along radius vector y = mx
yy=iv)
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d .
In different paths we get different values of d—z i.e.0and ?l In such a case, the function is

not differentiable at z = 0.
Theorem: Continuity is a necessary condition but not sufficient condition for the existence
of a finite derivative.

5z) —
S (2o +8z) f(zo)} L

Proof. We have, /(2o+92) = f(z) =0z { 5

Taking limit of both sides of (1), as 8z — 0, we get

SL;i_l’PO [f(zo+82) = f(z)] = 0.1 (z0) = Sl:i_r)no [f(zo+82) = f(z5)]=0

- 213113; [f(2) = f(z)]=0 — !“iTD S(2) =f(z)
= J(2) is continuous at z =z . Proved.

The converse of the above theorem is not true.

This can be shown by the following example.

Example 3. Prove that the function [ (z) = | z |? is continuous everywhere but no where
differentiable except at the origin.

Solution. Here, f(z) = | z |~

But|z]|= J(x2+y}) = |z[P=x2+)*

Since x* and »* are polynomial so x* + y* is continuous everywhere, therefore, | z | is



continuous everywhere.

lim 12821 (2)

Now, we have [' () = ;" dz

|2r+552|2 —|z|2

@)= slziglo 5 (zz =z [)
lim (z+03z)(z+d8Z)—zz — lim zz+z0Z +0z.z +82.8z — zz
520 oz §z—0 bz
. z.87 +08z.7 + 8287 |- = 8z .= ez
= lim = lm {z+8z+z—} - lm {z+z— (1)
8z0 dz 8z0 oz 8z0 dz

[Since, &z — 0 so 8z > 0]

Let 8z = r (cos © + i sin 0) and 5z =r(cos B — i sin )
5z 3 cos0 —isin© -

= —= —
8z cosO+isinb

3
= 5—2 =(cos 6 — i sin 8) (cos 6 + i sin §)
z

5 3
= 6—z=(cosew-isine)(cose—isine) = 5—z=(<:ose-isine)2
Z Z

5
= 2 0520 —isin20
oz

e} o)
Since é depends on 0. It means for different values of 6, 6—: has different values.

oz
It means 5— has different values for different z.
Z

.0z . .
Therefore lim — does not tend to a unique limit when z = 0.
8z—0 0z

Thus, from (1), it follows that /'(z) is not unique and hence f'(z) is not differentiable when z = 0.
But when z=0 then f'(z) = 0 i.e., £'(0) = 0 and is unique.
Hence, the function is differentiable at z = 0. Ans,

7 ANALYTIC FUNCTION

A function f (z) is said to be analytie at a point z,, if fis differentiable not only at z but at
every point of some neighbourhood of z,,

A function f (z) is analytic in a domain if it is analytic at every point of the domain.

The point at which the function is not differentiable is called a singular point of the function.
An analytic function is also known as “holomorphic”, “regular”, “monogenic”.

Entire Function. A function which is analytic everywhere (for all z in the complex plane) is
known as an entire function.

For Example 1. Polynomials rational functions are entire.
2. |z|* is differentiable only at z = 0. So it is no where analytic.
Note: (i) An entire is always analytic, differentiable and continuous function. But converse
is not true.

(i) Analytic function is always differentiable and continuous. But converse is not true.
(1ii) A differentiable function is always continuous. But converse is not true



8 THE NECESSARY CONDITION FOR f (z) TO BE ANALYTIC
Theorem. The necessary conditions for a function [ (z) = u + iv to be analytic at all the
points in a region R are

. ou  ov ... Ou oy . ou ou v ov |
i) —=— (if) —=—-— provided —, —, —, — exist.
ox oy oy Ox Ox Oy ox 0y
Proof: Let f (z) be an analytic function in a region R,
f@)=u+ iv,

where u and v are the functions of x and y.
Let 8u and 8vbe the increments of u and v respeclively corresponding (0 increments

dx and &y of x and y.
f(z+02) = (u+du)+i(v+0ov)
Now fz+82)— f(2) _ (e + 8wy +i(v +8v)— (u+iv) _ Su+idv :%_H_Gv

8z oz 8z 5z oz
. flz+d)-f(») . (du . Ov . (Bu | dv
e ——— 1 — e ' = l p— —
8121210 Sz Szl—rflo 8z T4 dz o f12) 5;21 dz 2 dz M
since §z can approach zero along any path. Y
(a) Along real axis (x-axis)
z=x+1y but on x-axis, y =0
2. =% Oz =8x, dy=0
Putting these values in (1), we have
. (Bu .Bv) Ou . Ov
o] =1 Rt 1 I el = Mo 1 i
;'@ 5:310[ ox ISx) ox  ox
(b) Along imaginary axis (y-axis)
=X+ 0y but on y-axis, x=0
z=0+1iy ox =0, 8z = idy.
Putting these values in (1), we get
f'(z)= lim 8—u+¢'—v = lim —ib—u+b—v :—i@+2 o )
sy-0\ By by ) B dy &y dy Oy
If f (z) is differentiable, then two values of f'(z) must be the same.
Equating (2) and (3), we get
Ou  ov .Ou ov
—ti—=—i—+—
ox  Ox dy oy
Equating real and imaginary parts, we have
LI L
o oy o by
o% _ge
8x_8y
ou ov
a ~ "3 | areknown as Cauchy Riemann equations.

9 SUFFICIENT CONDITION FOR f(z) TO BE ANALYTIC

Theorem. The sufficient condition for a function f(z) = u + iv to be analytic at all the points
in a region R are



o
ax oy dy ox
ou Ou Ov

ov . . , .
(ily —, —., —, —  are continuous functions of x andy in region R.

ox’ By ax’ oy

Proof. Let f (z) be a single-valued function having

ou ou Ov Ov

& oy oy

at each point in the region R. Then the C — R equations are satisfied.

By Taylor’s Theorem:

fz+82) = u(x+38x, y+38y)+iv(x +dx, y+38y)

I

u(x, y)+(2—:5x+ %:By]+...+i|:v(x, »+ (?—xﬁx +%5y]+...:|

[u(x,y) +iv(x, )]+ %-5x+ia—v-8x Ou —dy —Ha -8y [+
Oox Ox ay dy

f(z)+(@+1@] ox +[%+I%J 3y+...

ox oOx
(Ignoring the terms of second power and higher powers)
ov 3 v
[(z+82)- f()= [_x+laja +[£+ia]ﬁy (D)

We know C — R equations iLe.,
ou ov d ou ov

x oy oy ox

ou ov ov Ou
Replacing — and — by —— and — respectively in (1), we get
P g PN oy y . an P p y g
ov v Ou
[z+32)- f(2) = (—ﬂaJs *{‘a‘”a} 8y (taking i common)
%+ @J8x+ ﬁ+@J idy = %H@ .(Bx +idy)= a—+t8—v .0z
ox  Ox ox ox Ox ox Ox
fz+82)~ f(z) _ou .ov
oz dx  Ox
lim L& 00— f@) _ou .o
8z—0 8z Ox Ox
, ou ,Ov
=—4+1—
S@ ox lax
, ov ,Ou
f'@ a—_‘a_y Proved.

Remember: 1. If a function is analytic in a domain D, then u, v satisfy C — R conditions at

all points in D.

2. C—R conditions are necessary but not sufficient for analytic function.
3. C—R conditions are sufficient if the partial derivative are continuous.



