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1. Definitions and Notations 
Successive differentiation is the differentiation of a function successively to derive its higher order 
derivatives. 

If )(xfy   be a function of ,x  then the derivative (or differential coefficient) of y  w. r. t. x  is 

denoted by 
dx

dy or Dy or )(' xf   or 1y  and this is called the first derivative of y  w. r. t. ,x  where 

.
dx

d
D   

If 
dx

dy
 can be differentiated once again, i.e., if )(xfy   is derivable twice w. r. t. ,x  then the 

derivative of 
dx

dy
 w. r. t. x  is denoted by 

2

2

dx

yd
or yD2  or )(xf ''  or 2y  and this is called the 

second derivative of y  w. r. t. .x  

Similarly, if  
2

2

dx

yd
 can be differentiated once again, i.e., if )(xfy   is derivable thrice w. r. t. ,x

then the derivative of 
2

2

dx

yd
 w. r. t. x  is denoted by 

3

3

dx

yd
or yD3 or )(xf '''  or 3y  and this is called 

the third derivative of y  w. r. t. .x  

In a similar manner, we can find the fourth derivative, fifth derivative and, in general, the nth 
derivative of y  w. r. t. x  by differentiating successively the given function y  w. r. t. x   four times, 
five times and n times. 

Following notations are generally used for the successive derivatives of y  w. r. t. x  : 

 First derivative Second derivative Third derivative …. nth derivative 

or 1y  2y  3y  …. ny  

or )(' xf   )(xf ''  )(xf '''  …. )(xf n  

or 
dx

dy  
2

2

dx

yd
 

3

3

dx

yd
 

…. 
n

n

dx

yd
 

or Dy  yD2  yD3  …. yDn  
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Example 1 : If ,cxyyx  prove that .
2
22

c
y   

Solution : Given that cxyyx   

Squaring both sides, we get 

  2222 cxyxyyx   

This ycxy 22 222   

Again, squaring both sides, we get 

    22422 444 yyccxy   

This 044 422  cycx    

Differentiating both sides w. r. t. ,x  we get 

  048 1
2  ycx  

This 02 1
2  ycx    

Again, differentiating both sides w. r. t. ,x we get 

  02 2
2  yc   

This
2

2
2

c
y  . 

Example 2 : If    ),sin(log)log(cos xbxay  prove that .012
2  yxyyx  

Solution : Given that ).sin(log)logcos( xbxay    

Differentiating both sides w. r. t. x , we get 

  
x

xb
x

xay
1

.)cos(log
1

.)logsin(1       

This )cos(log)sin(log1 xbxaxy   

Again, differentiating both sides w. r. t. ,x we get 

  
x

xb
x

xayxy
1

.)sin(log
1

.)cos(log12     

This )sin(log)logcos(12
2 xbxaxyyx    

           )sin(log)logcos( xbxa    

          y    given     )sin(log)log(cos xbxay   

This .012
2  yxyyx  
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Example 3 : If  ,
1sin xaey


 prove that .)1( 22
12 yaxyyx   

Solution :Given that .
1sin xaey


  

Differentiating both sides w. r. t. ,x  we get 

  















2
1

1

11sin

x
aey xa  

This
21

1

x

ay
y


       given   xaey

1sin  

 ayxy  211  

Squaring both sides, we get 

  2222 )1(1 yaxy   

Again, differentiating both sides w. r. t. ,x we get 

  )2()2()1(2 1121
222 yyaxyxyy    

This   )(21(2 22
1121 yayxyyxy   )  

 .1( 22
12 yaxyyx   )  

Example 4 : If   ,
log

cosh 







m

y
x prove that .0)1( 22

12  ymxyyx  

Solution : Given that .
log

cosh 







m

y
x   

This
m

y
x

log
cosh 1    

Differentiating both sides w. r. t. ,x  we get 

  1

1

1

1
2

y
myx




 

This myxy  12
1  

Squaring both sides, we get 

  2222 )1(1 ymxy   

Again, differentiating both sides w. r. t. ,x we get 

  )2()2()1(2 1121
222 yymxyxyy     

This   )(21(2 22
1121 ymyxyyxy   )  

 .1( 22
12 ymxyyx   )  
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2. Derivation of nth differential coefficient of Some Standard Functions 

1. nth differential coefficient of mx , where m is a positive integer n  

Let mxy   

Differentiating both sides w. r. t. x  successively, we get 

1
1

 mxmy   
2

2 1  mxmmy )(  
3

3 21  mxmmmy ))((  
……………………………….. 
……………………………….. 

Now we suppose that 

) ........(1              )......().........)()(( nm
n xnmmmmmy  )1(321  

Differentiating both sides of equation (1) w. r. t. ,x  we get 

        ))( ......().........)()(( )()( 1
1 1321 
  nm

n xnmnmmmmmy  

Clearly, 1ny  is of the same form as ny , given by equation (1). This  If equation (1) is true for a 
particular value of n, then equation (1) is true for next higher value of n also. 

But we have already proved that equation (1) is true for n = 1, 2, 3. 

Since equation (1) is true for n = 3, it is true for n = 4 also. Similarly, since equation (1) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (1) is true for every positive integer n. 

From equation (1), we can write ny  as follows: 

        nm
n x

nmnm

nmnmnmmmmm
y 





..3.2.1).........)((

..3.2.1).........)()( ......().........)()(( 
)(

)()(

1

11321
 

 

i.e.,  
 
 

Corollary : If ,nxy   then ! nyn   

2. nth differential coefficient of m)( bax  , where m is a positive integer n  

Let mbaxy )(   

Differentiating both sides w. r. t. x  successively, we get 
1

1
 mbaxamy )(  

22
2 1  mbaxammy )()(  

3
3 21  mbaxammmy )(3))((  

……………………………….. 
……………………………….. 

Now we suppose that 
) ........(2        ) ......().........)()(( nmn

n baxanmmmmmy  )()1(221  

nm
n x

 nm

m 
y 




!)(
!
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Differentiating both sides of equation (2) w. r. t. ,x  we get 

        ))( ......().........)()(( )()()( 11
1 1321 
  nmn

n baxanmnmmmmmy  

Clearly, 1ny  is of the same form as ny , given by equation (2). This  If equation (2) is true for a 
particular value of n, then equation (2) is true for next higher value of n also. 

But we have already proved that equation (2) is true for n = 1, 2, 3. 

Since equation (2) is true for n = 3, it is true for n = 4 also. Similarly, since equation (2) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (2) is true for every positive integer n. 

From equation (2), we can write ny  as follows: 

nmn
n baxa

nmnm

nmnmnmmmmm
y 




 )(
1

1)1(221

..3.2.1).........)((
3.2.1).........)()(  ..().........)()(( 

 

 

i.e., 

 

3. nth differential coefficient of 
bax 

1   

Let 1)(
1 


 bax
bax

y  

Differentiating y  w. r. t. x  successively, we get 
2

1 1  )()( baxay  
32

2 )()2)(1(  baxay   
4

3 21  )( baxay 3)(-3))((  

……………………………….. 
……………………………….. 

Now we suppose that 

   )........(3                 )......().........)()(( )()( 1321  nn
n baxany  

Differentiating both sides of equation (3) w. r. t. ,x  we get 

        ))()(......().........)()(( )2(1
1 )(1321 
  nn

n baxanny  

Clearly, 1ny  is of the same form as ny , given by equation (3). This  If equation (3) is true for a 
particular value of n, then equation (3) is true for next higher value of n also. 

But we have already proved that equation (3) is true for n = 1, 2, 3. 

Since equation (3) is true for n = 3, it is true for n = 4 also. Similarly, since equation (3) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (3) is true for every positive integer n. 

 From equation (3), we can write ny  as follows: 

        )()()( 11  nnn
n baxany !  

i.e., 

nmn
n baxa

nm

m
y 


 )(

! )(
! 

 

)1()(

)1(





n

nn

n
bax

na
y

!  
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4. nth differential coefficient of 2bax )( 
1

  

Let 2

2
)(

)(

1 


 bax
bax

y  

Differentiating both sides w. r. t. x  successively, we get 

3
1 )()2(  baxay  

42
2 )()3)(2(  baxay   

5
3 )(432  baxay 3) )()((  

……………………………….. 

……………………………….. 

Now we suppose that 

)(                )......().........)()(( 4)()1(432 )2(  ........baxany nn
n

  

Differentiating both sides of equation (4) w. r. t. ,x  we get 

        ))(( )......().........)()((
))3(1

1 )(2)1(432 
  nn

n baxanny  

Clearly, 1ny  is of the same form as ny , given by equation (4). This  If equation (4) is true for a 
particular value of n, then equation (4) is true for next higher value of n also. 

But we have already proved that equation (4) is true for n = 1, 2, 3. 

Since equation (4) is true for n = 3, it is true for n = 4 also. Similarly, since equation (4) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (4) is true for every positive integer n. 

 From equation (4), we can write ny  as follows: 

      )2()(1)1(  nnn
n baxany !  

i.e.,  

 
 

5. nth differential coefficient of )( bax log   

Let )baxy  ( log  

Differentiating both sides w. r. t. x  successively, we get 

1
1




 )( baxa
bax

a
y   

22
2 1  )()( baxay   

3
3 21  )( baxay 3))((  

……………………………….. 
……………………………….. 

Now we suppose that 

 
)2()(

1)1(




n

nn

n
bax

na
y

!  
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)(       )......().........)()(( 5......)()1(321 .. ...baxany nn
n

  

Differentiating both sides of equation (5) w. r. t. ,x  we get 

        ))(......().........)()(( )()()( 11
1 1321 
  nn

n baxanny  

Clearly, 1ny  is of the same form as ny ,  given by equation (5). This  If equation (5) is true for a 

particular value of n, then equation (5) is true for next higher value of n also. 

But we have already proved that equation (5) is true for n = 1, 2, 3. 

Since equation (5) is true for n = 3, it is true for n = 4 also. Similarly, since equation (5) is true for  n = 

4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (5) is true for every positive integer n. 

From equation (5), we can write ny  as follows: 

nnn
n baxany   )()()( ! 11 1  

i.e.,  

 
 

6. nth differential coefficient of 
mxe   

Let mxey   

Differentiating both sides w. r. t. x  successively, we get 

mxmey 1  

mxemy 2
2    

mxemy 33  

……………………………….. 
……………………………….. 

Now we suppose that 

)(                                  6....... ..emy mxn
n   

Differentiating both sides of equation (6) w. r. t. ,x we get 

        ) mxn memyn (1  i.e.,    mxn emyn
1

1
  

Clearly, 1ny  is of the same form as ny , given by equation (6). This  If equation (6) is true for a 

particular value of n, then equation (6) is true for next higher value of n also. 

But we have already proved that equation (6) is true for n = 1, 2, 3. 

Since equation (6) is true for n = 3, it is true for n = 4 also. Similarly, since equation (6) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (6) is true for every positive integer n,  

i.e.,  

n

nn

n
bax

na
y

)(

)1)1( 1





 ! ( 

mxnemyn    
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7. nth differential coefficient of 
mxa   

Let mxay   

Then amxey log       amxmx ea log  

Differentiating both sides w. r. t. x  successively, we get 

 amxeamy loglog1    

    amxamx eameamamy log2log )log(loglog2        

    amxamx eameamamy log3log2 )log(log)log(3       

……………………………….. 
……………………………….. 

Now we suppose that 

  )(                                  6....)log( log ... ..eamy amxn
n   

Differentiating both sides of equation (6) w. r. t. ,x we get 

               amxnamxn eameamamyn
log1log )log(log)log(1

   

Clearly, 1ny  is of the same form as ny , given by equation (6). This  If equation (6) is true for a 

particular value of n, then equation (6) is true for next higher value of n also. 

But we have already proved that equation (6) is true for n = 1, 2, 3. 

Since equation (6) is true for n = 3, it is true for n = 4 also. Similarly, since equation (6) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (6) is true for every positive integer n,  

 amxn eamyn
log)log(    

i.e., mxn aamyn  )log(          amxmx ea log  

i.e., 

 
8. nth differential coefficient of )( bax sin   

Let )sin( baxy   

Differentiating both sides w. r. t. x  successively, we get 







 


2

sin)cos(1 baxabaxay   







 







 










 


2

2sin
22

sin
2

cos 222
2 baxabaxabaxay      







 







 










 


2

3sin
22

2sin
2

2cos3 baxabaxabaxay     333  

……………………………….. 
……………………………….. 

Now we suppose that 

mxnn aamyn  )(log  
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   (7)..........                       





 


2

sin nbaxay n
n  

Differentiating both sides of equation (7)  w. r. t. ,x  we get 

                        





 










 

 


22
sin

2
cos 11

1 nbaxanbaxay nn
n  

i.e.,       





 

 


2
)1(sin1

1 nbaxay n
n     

Clearly, 1ny  is of the same form as ny , given by equation (7). This  If equation (7) is true for a 
particular value of n, then equation (7) is true for next higher value of n also. 

But we have already proved that equation (7) is true for n = 1, 2, 3. 

Since equation (7) is true for n = 3, it is true for n = 4 also. Similarly, since equation (7) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (7) is true for every positive integer n,  

i.e.,   
 

 

9. nth differential coefficient of )( bax cos   

Let )cos( baxy    

Differentiating both sides w. r. t. x  successively, we get 







 


2

cos)(sin1 baxabaxay      







 







 










 


2

2cos
22

cos
2

sin 222
2 baxabaxabaxay      







 







 










 


2

3cos
22

2cos
2

2sin3 baxabaxabaxay     333  

……………………………….. 
……………………………….. 

Now we suppose that 

)(                       8
2

cos ..........nbaxay n
n 






 

  

Differentiating both sides of equation (8) w. r. t. ,x we get 

                        





 










 

 


22
cos

2
sin 11

1 nbaxanbaxay nn
n  

i.e.,       





 

 


2
)1(cos1

1 nbaxay n
n     

Clearly, 1ny  is of the same form as ny , given by equation (8). This  If equation (8) is true for a 
particular value of n, then equation (8) is true for next higher value of n also. 

But we have already proved that equation (8) is true for n = 1, 2, 3. 

Since equation (8) is true for n = 3, it is true for n = 4 also. Similarly, since equation (8) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (8) is true for every positive integer n,  

i.e., 







 


2

sin
 

   
n

baxay n
n  







 


2

cos
 

   
n

baxay n
n  
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10. nth differential coefficient of )cbx sin(axe   

Let )cbxey ax  sin(  

Differentiating both sides w. r. t. x , we get 

 cbxbecbxeay axax  cos)sin(1   

Put     cosra and      sinrb  so that   22 bar  and    
a

b1tan   

Then we have 
 cbxercbxery axax  cossin)sin(cos1    

              sincoscos)sin( cbxcbxer ax    

    )sin(  cbxer ax  

Similarly, differentiating y w. r. t. x  twice, thrice, ………, we get 

)2sin(2
2  cbxery ax  

)3sin(3
3  cbxery ax  

……………………………….. 
……………………………….. 

Now we suppose that 
.......(9)            )sin(  ncbxery axn

n  
Differentiating both sides of equation (9) w. r. t. ,x we get 

            )cos()sin(1  ncbxbencbxaery axaxn
n  

                             )cos()sin(  ncbxbncbxaer axn  

                         θ   )cos(sin)sin(cos  ncbxrncbxrer axn  

                                             (using  sincos , bra )  

                            sin)cos(cos)sin(1 ncbxncbxer axn  

                      )sin(1   ncbxer axn  

                         )1(sin1 ncbxer axn  

Clearly, 1ny  is of the same form as ny , given by equation (9). This  If equation (9) is true for a 
particular value of n, then equation (9) is true for next higher value of n also. 

But we have already proved that equation (9) is true for n = 1, 2, 3. 

Since equation (9) is true for n = 3, it is true for n = 4 also. Similarly, since equation (9) is true for  n = 
4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (9) is true for every positive integer n,  

i.e.,   

 
     ),sin(  ncbxery axn

n where   22 bar  and    
a

b1tan   
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11. nth differential coefficient of )cbx cos(axe  

Let ) cbxey ax  cos(  

Differentiating both sides w. r. t. x , we get 

 cbxbecbxeay axax  sin)cos(1   

Put     cosra and      sinrb  so that   22 bar  and    
a

b1tan   

Then we have 
 cbxercbxery axax  sinsin)cos(cos1    

              sinsincos)cos( cbxcbxer ax    

     )cos(  cbxer ax  

Similarly, differentiating y  w. r. t. x  twice, thrice, ………, we get 

)2cos(2
2  cbxery ax  

)3cos(3
3  cbxery ax  

……………………………….. 
……………………………….. 

Now we suppose that 

).......(10            )cos(  ncbxery axn
n  

Differentiating both sides of equation (10) w. r. t. ,x we get 

            )sin()cos(1  ncbxbencbxaery axaxn
n  

                               )sin()cos(  ncbxbncbxaer axn  

                     θ   )sin(sin)cos(cos  ncbxrncbxrer axn  

                                          (using  sincos , bra )  

                          sin)sin(cos)cos(1 ncbxncbxer axn      

                    )cos(1   ncbxer axn  

                       )1(cos1 ncbxer axn  

Clearly, 1ny  is of the same form as ny , given by equation (10). This  If equation (10) is true for a 

particular value of n, then equation (10) is true for next higher value of n also. 

But we have already proved that equation (10) is true for n = 1, 2, 3. 

Since equation (10) is true for n = 3, it is true for n = 4 also. Similarly, since equation (10)  is true for  n 
= 4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, equation (10)) is true for every positive integer n,  

i.e.,  
 
 
 

)cos(    ncbxery axn
n , where   22 bar  and    

a

b1tan   
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Example 5 : Find nth differential coefficient of .
)1(

1
2x

 

Solution : Let 2)1(

1

x
y


  

Differentiating both sides w. r. t. x  successively, we get 

3
1 )1)(2(  xy  

4
2 )1()3)(2(  xy   

5
3 )1(432  x-y ))()((  

……………………………….. 
……………………………….. 

Proceeding in this way, we get 

                        )......).........)()(( )2()1(1(432  n
n xny  

i.e.,    .
)1(

)1)1(
)2( 




n

n

n
x

n
y

!  ( 
 

Example 6 : Find ny  if .cossin 22 xxy   

Solution : We have  
     






 


2

4cos1

4

1
2sin

4

1
)2(sin

4

1
)cossin2(

4

1
cossin 2222 2 x

xxxxxxy  

i.e.,       xy 4cos
8

1

8

1
  

This 





 


2

4cos4
8

1
0

 
   

n
xy n

n     

(using the formula : 





 


2

cos
 

   
n

baxay n
n  if )cos( baxy  ) 

i.e.,     .
2

4cos2 2 





 

   
 

n
xy n

n  

Example 7 : Find ny if .sin 2 xey x  

Solution : We have  







 


2

2cos1
sin 2 x

exey xx    

i.e.,  xeey xx 2cos
2

1

2

1
  

This  2tan2cos)21(
2

1

2

1 122 2  nxeey x
n

x
n        

   






















 



 )cos(tancos) 122 2 cbxey
a

b
ncbxebay

eyemy

axx
n

mxxn

a
n

m
n

if    (  

if       

and                        

:   formulae   the   using

 

i.e., 



  










21tan2cos)5(1

2

1
2 nxey
n

x
n    . 
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Example 8 : If ,cossin mxmxy   prove that    .
2

1

2sin)1(1 mxmy nn
n    

Solution : We have  
mxmxy  cossin   

  This 





 







 


2

cos
2

sin
 

  
 

 
n

mxm
n

mxmy nn
n

    

    
























 









 



)cos(
2

)sin(
2

sin

baxy
n

baxcay

baxy
n

baxay

n

n

if   
 

 os  

if   
 

   :

n

n

and                               

     formulae  the  using
 

i.e.,     






 

































2
cos

2
sin

 
  

 
   

n
mx

n
mxmy n

n . 

This 
2

1

2

2
cos

2
sin













 











































  
  

 
  

n
mx

n
mxmy n

n
    

     2

1

2

2
cos

2
sin2

2
cos

2
sin 







 

































































  
  

 
 

 
  

 
 2 n

mx
n

mx
n

mx
n

mxmn  

      2

1

2
cos

2
sin21 







 































  
  

 
 

n
mx

n
mxm n  

     2

1

2
sin1 







 














  
2 

n
mxmn               (using the formulae  )2sincossin2   

       2
1

2sin1 nπmxm n    

       2
1

sin2coscos2sin1     nmxnmxm n  

     2
1

2sin)1(1 mxm nn               ( since nn )1(cos  and 0sin  n  ) 

3. Method of finding nth derivative of an Algebraic Rational Function 

In order to find the nth derivative of an algebraic rational function, it is first required to check 
whether the denominator of the given algebraic rational function is resolvable into real linear factors 
or not.  

If the denominator of the given algebraic rational function is resolvable into real linear factors, then 
the given algebraic rational function is resolved into partial fractions. In this case, the denominator of 
each partial fraction thus obtained consists of real linear factors, repeated or non-repeated, 
therefore the nth derivative of the given algebraic rational function can be found out by directly using 
the formulae derived earlier for nth derivative of some standard functions. 

If the denominator of the given algebraic rational function is not resolvable into real linear factors, 
then its nth derivative is found out by the application of De Moivre’s theorem. 
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Example 9 :  Find ny if .
)2)(1(

4




xx

x
y

 
 

Solution : We have  

23

1415
73

23)2()1( 2
2

2

44











xx

x
xx

xx

x

xx

x
y

  
 

i.e., ....(1)                 
  )2()1(

1415
732





xx

x
xxy  

Now let us resolve 
)2()1(

1415



xx

x

  
 into partial fractions. 

Let  ....(2)                    
  21)2()1(

1415










x

B

x

A

xx

x
 

This
)2()1(

)1()2(

)2()1(

1415










xx

xBxA

xx

x

    
 

      ....(3)                 )1()2(1415  xBxAx  

Putting 1x  on both sides both sides of equation (3), we get 1A . 

Putting 2x  on both sides both sides of equation (3), we get .16B  

Substituting the values of A and B  in equation (2) and using equation (1), we get 

                 
1

1

2

16
732







xx
xxy  

This 





















  11 )1(

!)1(

)2(

!)1(
16000 nn x

n

x

n
y

nn

n

  
     

                












  bax
y

bax

na-
y

n

n

n

1!1
1

   
)(

 )( 
 if : formula   the   usig

n

 

i.e.,      .   












  11 )1(

1

)2(

16
!)1(

nn xx
ny n

n  

Example 10 :  Find ny if .
)2()1( 2

2




xx

x
y

 
 

Solution : We have  

....(1)              
 )2()1( 2

2




xx

x
y   

Let us resolve 
)2()1( 2

2

 xx

x

 
 into partial fractions. 

Let  
 

....(2)         
 211)2()1( 2

2

2 








 x

C

x

B

x

A

xx

x
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This
)2()1(

)1()2()2()1(

)2()1( 2

2

2

2








xx

xCxBxxA

xx

x

  
 

 
 

      ....(3)             
22 )1()2()2()1(  xCxBxxAx  

Putting 1x  on both sides of equation (3), we get 3/1B . 

Putting 2 x  on both sides of equation (3), we get .9/4C  

Equating the coefficients of 2x  from both sides of equation (3), we get  

.
9

5

9

4
11,1  CACA    which  

Substituting the values of BA,  and C  in equation (2) and using equation (1), we get 

 
                  

 
  
























2

1

9

4

13

1

1

1

9

5
2 xxx

y  

This 
 

.
)2(

!)1(

9

4

)1(

!1)1(

3

1

)1(

!)1(
9
5

121 



































  nnn x

n

x

n

x

n
y

nnn

n

   
                

         
 







































22

1

)(

1!11

1!1

bax
y

bax

na-
y

bax
y

bax

na-
y

n

n

n

n

n

n

   
)(

 )( 
 

    
)(

 )( 
 

if and                                 

if    : formulae    the   using

n

n

 

Example 11 :   Find ny if .
1

22 ax
y


  

Solution : We have  



















)()(

)()(

2

1

)()(

11
22 iaxiax

iaxiax

iaiaxiaxax
y

 
 

 
 

i.e.,       













)(

1

)(

1

2

1

iaxiaxia
y

  
 

This 















  11 )(

!)1(

)(

!)1(
2
1

nn iax

n

iax

n
ia

y
nn

n

  
   













  bax
y

bax

na-
y

n

n

n

1!1
1

   
)(

 )( 
 if : formula   the   usig

n

           

i.e.,    .   













  11 )(

1

)(

1
2

!)1(
nn

n

iaxiaxia
n

yn  

Now put     cosrx and      sinra  so that   22 axr  and    
x

a1tan   

Then we have 

 
  

  













  11 )sincos(

1

)sincos(

1
2

!)1(
nn

n

rirriria
n

yn  
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This  
   

  













  111 )sin(cos

1

)sin(cos

1

2
!)1(

nnn

n

iiria
n

yn  

      
 

  
  








   111 )(

1

)(

1

2
!)1(

ninin

n

eeria
n

   




  sincos iie     : formula   the   usig  

     
 

  
      



    )1()1(1

11

2
!)1(

ninin

n

eeria
n  

     
 

         
  )1()1(
12
!)1( nini

n

n

ee
ria

n  

            
 

    )1sin()1cos()1sin()1cos(
2

!)1(
1 ninnin

ria
n
n

n

 

  

      
 

    )1sin(2
2

!)1(
1 ni

ria
n
n

n

 

                   

  

  











  )1sin(

sin

!)1(
1 n

a
a

n
n

n

      









sin

,sin
a

rra      i.e.,      since  

i.e.,    .     
 )1sin(sin

!)1( 1
2 n

a
n

y n
n

n

n  

Example 12 :  Find ny if .tan 1 xy   

Solution : We have  
                   xy 1tan   

Differentiating both sides w. r. t. x , we get 

   21

1
1

x
y


  

This 














)()(

)()(

2

1

)()(

1
1

ixix

ixix

iixix
y

 
 

  
   

i.e.,       













)(

1

)(

1

2

1
1

ixixi
y

   
 

Differentiating 1y  w. r. t. x )1( n  times, we get 

           




































)(

1

)(

1

2

1
1

1

1

1

ixdx

d

ixdx

d

i
y

n

n

n

n

n    
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This 
   




















nn ix

n

ix

n
i

y
nn

n
)(

!1)1(

)(

!1)1(
2
1

11   
    

                           












  bax
y

bax

na-
y

n

n

n

1!1
1

   
)(

 )( 
 if : formula   the   using

n

           

 i.e.,      .   
















nn

n

ixixi
n

yn
)(

1

)(

1
2

!1)1( 1

 

Now put     cosrx and      sin1 r  so that   12  xr and    
x

1
tan 1  

Then we have 

             
   

  
















nn

n

rirriri
n

yn
)sincos(

1

)sincos(

1
2

!1)1( 1

 

This
   

    
  

















nnn

n

iiri
n

yn
)sin(cos

1

)sin(cos

1
2

!1)1( 1

 

 
   

  
  

  







 



 ninin

n

eeri
n

)(

1

)(

1
2

!1)1( 1

     (using  sincos iie  ) 

    
  

  
    



  



ninin

n

eeri
n 11

2
!1)1( 1

 

     
  

       


 nini
n

n

ee
ri
n

2
!1)1( 1

 

           
  

  


ninnin
ri
n
n

n

sincossincos
2

!1)1( 1

  

     
  

  


ni
ri
n
n

n

sin2
2

!1)1( 1

 

                  

  

   














n
n

n

n

sin

sin

1

!1)1( 1

      









sin

1
,sin1 rr      i.e.,       since  

i.e.,   .  sin    nny nn
n sin!1)1( 1  

4. Leibnitz’s Theorem 

Leibnitz’s Theorem is used to find the nth derivative of the product of two functions. Its statement 

and proof are as follows : 

Statement : If   u and   v are two functions of ,x possessing derivatives of the nth order, then 

  .         nn
n

rrnr
n

n
n

n
n

n
n

n vuCvuCvuCvuCvuCuv   ...................22110 21  

Proof : Let vuy   ,  where  u and   v are functions of x . 

Differentiating both sides w. r. t. ,x we get 
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111 vuvuy     

Clearly, 1y  can be written as 

11
1

10
1

1 vuCvuCy                  1   1,     1
1

0
1 CC  

This  Leibnitz’s Theorem is true for .1n  

Differentiating 1y  w. r. t. ,x we get 

    21122111122 2 vuvuvuvuvuvuvuy            

Clearly, 2y  can be written as 

22
2

111
2

20
2

2 vuCvuCvuCy                  1   2,   1,     2
2

1
2

0
2 CCC  

This  Leibnitz’s Theorem is true for .2n  

Differentiating 2y  w. r. t. ,x we get 

      32112332121121233 332 vuvuvuvuvuvuvuvuvuvuy                  

Clearly, 3y  can be written as 

33
3

22
3

121
3

30
3

3 vuCvuCvuCvuCy            1        1   3   3,   1,     3
3

2
3

1
3

0
3 , CCCC  

This  Leibnitz’s Theorem is true for .3n  

Now we suppose that Leibnitz’s Theorem is true for a particular value of n, say, m, i.e., we suppose 
that  

)1.....(............

............

111

22110 11121

                                                                         

        

mm
m

mm
m

mmmm
m

m
m

vuCvuC

vuCvuCvuCvuCvuCy rrmrrrmrmm








 

Differentiating both sides of equation (1) w. r. t. ,x we get 

          

     

   

                         

                 

      

111121

1

32222111101

.........................

.......... 11121

11

















mmm
m

mmm
m

m
rrm

m

m
m

m
m

mm
m

m

uvvuCvuvuC

vuvuCvuvuC

vuvuCvuvuCvuvuCy

rrmrrmrrrmr

mm

 

 

   
               .....(2)                 ........                           

      This

11111

221110101 ......................1







 

mm
m

mm
m

m
m

rrmr
m

r
m

mm
m

mm
m

m
m

uvCvuCCvuCC

vuCCvuCCvuCy m
 

But we know that    r
m

r
m

r
m CCC 1

1


        

Putting mr     ,.......,3,2,1  successively in this well-known result, we get 

m
m

m
m

m
mmmmmmm CCCCCCCCC 1

12
1

211
1

10



  .., .......... ,   ,  

Also, we know that   10
1

0   CC mm    and   .11
1  


m
m

m
m CC   
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Substituting these values in equation (2), we get 

    .....(3)                    ......                    

         

11
1

1
1

1
1

22
1

11
1

10
1

1 ................1















 

mm
m

mm
m

rrmr
m

m
m

m
m

m
m

uvCvuCvuC

vuCvuCvuCy m
 

Equation (3)  Leibnitz’s theorem is true for .1 mn  

Thus we have proved that if Leibnitz’s Theorem is true for a particular value of n, say, m, then it is 
true for next higher value of n, i.e., for m+1 also. 

But we have already proved that Leibnitz’s Theorem is true for n = 1, 2, 3. 

Since Leibnitz’s Theorem is true for n = 3, it is true for n = 4 also. Similarly, since Leibnitz’s Theorem is 
true for  n = 4, it is true for n = 5 also and so on.  

Therefore, by mathematical induction, Leibnitz’s Theorem is true for every positive integer n, i.e., we 
have 

 

 

Example 13 : Find ny  if .2   xaexy   

Solution : By Leibnitz’s Theorem, if vuy   , then 

...(1)              nn
n

n
n

n
n

nn vuCvuCvuCvuy   ..............2211 21  

We are given that .2   xaexy   

Therefore, we can take .
2, xveu xa      

Then we have axn
n

axaxax eaueaueauaeu       ..,,.........,, 3
3

2
21  

and                   .0..,,.........0,0,2,2 2321  nvvvvxv          

Substituting these values in equation (1), we get 

           .....00)2()2( 2
2

1
1

2   axnaxnaxn eaCxeaCxeay nn
n  

                    )2(
2

)1(
)2( 212 axnaxnaxn ea

nn
xeanxea  
  

            .      )]1(2[ 222   nnaxnxaea axn  

Example 14 :  Find ny  if .,log2  3   where  nxxy  

Solution : By Leibnitz’s Theorem, if vuy   , then 

...(1)              nn
n

n
n

n
n

nn vuCvuCvuCvuy   ............2211 21  

We are given that .log2 xxy   

Therefore, we can take .
2,log xvxu     

  nn
n

rrnr
n

n
n

n
n

n
n

n vuCvuCvuCvuCvuCuv            ...................22110 21  
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Then we have   

 
nn x

n

x

n
u

x
u

x
u

x
u

n

n

!)1()1()1()2)(1(
..,,.........

)2)(1(
,

1
,

1 1

321 32

 .........
     












 

and   .0.........,,.........0,0,2,2 2321  nvvvvxv          

Substituting these values in equation (1), we get 

                   
 

 
 

  
 

  .......00)2(
!)3()1(

)2(
!)2()1(!)1()1(

2

3

21

2

1
2

1










 







n

n

n

n

n

n

x

n
Cx

x

n
Cx

x

n
y nn

n  

              )]2(!)3()2(!)2)(1(!)1()1[(
)1(

21
2

2

3




 



nCnCn
x

nn
n

n

    

          
 

   )]2(!)3(
2

)1(
)2(!)2(!)1[(

)1(
2

3







 



n
nn

nnn
xn

n

 

                )(   ]!)3()1(!)3(22!)3)(2)(1[(
)1(
2

3




 



nnnnnnnnn
xn

n

 

              )(  
 

])1(22)2)(1[(
!)3()1(

2

3




 



nnnnnn
x

n
n

n

 

            ) (2  
 

])(2)23[(
)1(

!)3()1( 222
22

1

nnnnnn
x

n
n

n





 



 

         )
 
2(

!)3()1(
2

1



 


n

n

x

n  

          
  

2

1 !)3()1(2


 


n

n

x

n  

Example 15 : If  ,)(sin 21 xy  prove that .) 0)12(1( 22
12   nnn ynxynyx  

Solution : Given that .)(sin 21 xy   

Differentiating both sides w. r. t. ,x  we get 

  









 

2

1
1

1

1
sin2

x
xy     

This  xxy 12
1 sin21   

         22 )sin41 12
1 xxy  (          (on squaring both sides) 

         yxy 41 22
1                           given  2)(sin 1 xy   

Differentiating both sides w. r. t. ,x we get 

                1
2

1
2

21 42)1(2 yxyxyy   

This  1121 4])1([2 2 yxyxyy   

      2)1( 12
2  xyxy  

Differentiating both sides n times w. r. t. x and using Leibnitz’s Theorem, we get 

  0)]1([)]2()2()1([ 112112
2   n

n
nn

n
n

n
n yCxyyCxyCxy  
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            (by Leibnitz’s Theorem, )..........)( 2211 21 nn
n

n
n

n
n

nn vuCvuCvuCvuuv            

This   0)2(
2

)1(
)2()1( 112

2 



 


  nnnnn ynxyy

nn
xynxy  

 
  

       0])1([2()1( 12
2   nnn ynnnxynxy  1)  

       .0)12(1( 22
12  )   nnn ynxynyx  

Example 16 : If  
  

,2
11

xyy mm 


prove that  ) .0)()12(1( 22
12

2   nnn ymnxynyx  

Solution: Given that .2
11

xyy mm 
  

 

Differentiating both sides w. r. t. ,x  we get 

211
11

1111






 

yy
m

yy
m

mm       

This 211
11

11




y
y

y
m

y
y

y
m

mm

       
  

 

       myyyy mm 2
11

1 



              

       222
1 4

2
11

ymyyy mm 



           (on squaring both sides) 

       22
1 44

11
2

112 ymyyyyy mmmm 

















                       

          2222
1 442 ymxy               given

  












xyy mm 2

11

  

       2222
1 4)1(4 ymxy   

       2222
1 )1( ymxy   

Differentiating both sides w. r. t. ,x we get 

                )2(2)1(2 1
22

1
2

21 yymxyxyy   

This )2])1([2 2
11

2
21 ymyxyxyy (   

       .)1( 2
1

2
2 ymxyxy   

Differentiating both sides n times w. r. t. x and using Leibnitz’s Theorem, we get 

  nn
n

nn
n

n
n

n ymyCxyyCxyCxy 22 )]1([)]2()2()1([ 112112    

            (by Leibnitz’s Theorem, )..........)( 2211 21 nn
n

n
n

n
n

nn vuCvuCvuCvuuv            

This   nnnnnn ymynxyy
nn

xynxy 22
112 )2(

2

)1(
)2()1( 



 

   
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       nnnn ymynnnxynxy 22 ])1([12()1( 12    )  

       .0)()12(1( 222
12  )   nnn ymnxynyx  

Exercises 

1. If  ,cossin mxBmxAy  prove that .2
2 ymy   

2. If  ),sin(sin xy  prove that .0costan 2
12  xyxyy  

3. If ,log
x

bxa

x
y 









   prove that .)( 23

12 yxyyx    

4. If ,12 22  byhxyaxy  prove that .
)( 3

2

2

2

ybxh

abh

xd

yd

   


  

5. Find ny  if .
)2()1(

1
3 


xx

y      

6. Find ny  if .
)1( x

x
y

n


      

7. Find ny  if .sin22 xexy x  

8. If  ,
2xey  prove that .022 11   nn ynxyyn   

9. If   ),(sinsin 1 xmy  prove that .lim 222

0
mn

y

y

n

n

x



 

10. If .........21tan
210 


xaxaaey xa  , then prove that .)2( 12   nnn anaan  

 

Answers 
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