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Definitions and Notations

Successive differentiation is the differentiation of a function successively to derive its higher order
derivatives.

If y = f(x) be a function of x, then the derivative (or differential coefficient) of ) w. r. t. X is

denoted by ?or Dy or f'(x) or y, and this is called the first derivative of ) w. r. t. X, where
X

D= i
dx
If Zy can be differentiated once again, i.e., if y = f(x) is derivable twice w. r. t. x, then the
x
dZ
derivative ofj—y w. r. t. X is denoted by 1 for Dzy or f'(x) or y, and this is called the
x x

second derivative of } w.r.t. X.

2

Similarly, if can be differentiated once again, i.e., if y = f(x) is derivable thrice w. r. t. x,

dx*

2 3

d d
J w.r.t. X is denoted by Y

§ For D3yor f'""(x) or y; and this is called
x

then the derivative of
dx

the third derivative of ¥ w.r.t. x.

In a similar manner, we can find the fourth derivative, fifth derivative and, in general, the n®
derivative of } w.r.t. X by differentiating successively the given function ¥ w.r.t. X four times,

five times and n times.

Following notations are generally used for the successive derivatives of } w.r.t. X :

First derivative  Second derivative  Third derivative n* derivative
or y, ¥, Vs Va
or  f'(x) f() £ () - )
or dy d’y dy d"y

dx dx’ dx’ dx"

or Dy Dy D’y D'y



Examp|e 1: If »\[.X"‘y +1[y—x =c, provethat V) :%
c
Solution : Given that \/x+ )y +4/y—x=c

Squaring both sides, we get

X+y+y—x+2yy?—x? =¢?
This= 24 y? —x* =c? =2y

Again, squaring both sides, we get
4(y2 —xz):c4 —4cty +4y°

This= 4x* —4c?y+c* =0

Differentiating both sides w. r. t. x, we get
8x—4c’y, =0

This= 2x—czy1 =0

Again, differentiating both sides w. r. t. x, we get
2-c’y, =0

This= y, :iz'
c

Example 2 : If y = acos (log x) + bsin(log x), prove that x%y, +xy, +y=0.

Solution : Given that y = a cos( log x) + b sin(log x).

Differentiating both sides w. r. t. x , we get
. 1 1
y, =—asin( log x).—+ b cos(log x).—
X X

This= xy, = —asin(log x) + b cos(log x)
Again, differentiating both sides w. r. t. x, we get
1 . 1
xy, + y, =—acos(log x).— — bsin(log x).—
X X
This= x?y, + xy, = —a cos( log x) — bsin(log x)
= —(a cos(log x) + b sin(log x))
==y ( y =acos (log x) + bsin(log x) given)

This= x%y, + xy, + y =0.
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asin™!

¥ prove that (1—x?)y, —xy, =a’y.
1

Example3:If y=¢

Solution :Given that y = edsm " x

Differentiating both sides w. r. t. x, we get

=y 1-x? =ay

Squaring both sides, we get
vi-x)=a’y’
Again, differentiating both sides w. r. t. x, we get
2 2 2
2y, y,(1=x")+ 3, (=2x) =a” 2yy))

This=> 2y, [(1- x%) v, — xp, |= 23, (%)

= (1-x*)y,—xy, =a’y.

1
Example 4 : If x =cosh (ﬂ} prove that (x* -y, +xp, —mzy =0.
m

lo
Solution : Given that x = cosh (ﬂj
m

This= cosh ' x = logy
m

Differentiating both sides w. r. t. x, we get

1 1

=—N
Vxt-1 my
This= yWx*> =1 =my

Squaring both sides, we get

yi =1 =m’y’
Again, differentiating both sides w. r. t. x, we get
2
290,87 =D+ p7 (2x)=m? Q)
This= 2y, |(x? = 1)y, + 29, |= 2y, (m*y)

= (x2 -1) y, + xy, =m2y.
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Derivation of nt" differential coefficient of Some Standard Functions

1. nt" differential coefficient of x™, where m is a positive integer > n
Let y =x"

Differentiating both sides w. r. t. x successively, we get

—1
yl :mxm

m-2

v, =m(m—1)x

v, =m(m—1)(m—2)x""

Now we suppose that
v, =mm—=1)(m—=2)(m—3).cccccu..... m—(n-D)x"" (2)
Differentiating both sides of equation (1) w. r. t. x, we get
Vou =m(m=1)(m—=2)(m—=3)....c..c..... (m—(n—=1)(m-n)x""""
Clearly, y,., is of the same form as y,, given by equation (1). This = If equation (1) is true for a
particular value of n, then equation (1) is true for next higher value of n also.
But we have already proved that equation (1) is true forn=1, 2, 3.

Since equation (1) is true for n = 3, it is true for n = 4 also. Similarly, since equation (1) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (1) is true for every positive integer n.
From equation (1), we can write y,, as follows:

m—n

_m(m=1)(m—-2)(m=3).............. (m—(mn-1))m—n)m-(n+1)).......... 3.2.1
B (m—=n)(m—-(mn+1)).......... 3.2.1

n

|
m: m—n

ie., =
4 (m—n)!

Corollary : If y =x", then y, =n!
2. nth differential coefficient of (ax + b)™, where m is a positive integer > n
Let y =(ax+b)"
Differentiating both sides w. r. t. x successively, we get
v, = ma(ax+b)""
v, =m(m—1)a’(ax+b)">
y; =m(m—1)(m—2)a’(ax +b)""

Now we suppose that
v, =m(m—=1)(m-2)(m—2)............. m—m-1))a"(ax+b)"" ... (2)



6/23

Differentiating both sides of equation (2) w. r. t. x, we get
Vo =m(m=1)(m=2)m—=3)...cccu..... (m—(n-1))(m—-n)a"" (ax+b)" "™
Clearly, y,., is of the same form as y,, given by equation (2). This = If equation (2) is true for a
particular value of n, then equation (2) is true for next higher value of n also.
But we have already proved that equation (2) is true forn=1, 2, 3.

Since equation (2) is true for n = 3, it is true for n = 4 also. Similarly, since equation (2) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (2) is true for every positive integer n.

From equation (2), we can write y, as follows:

=) =0 =D = (1D =) =32
’ (m—n)m-n-1........ 3.2.1
ie., Y ~a" (ax+b)nz—n

- (m—mn)!

3. nt" differential coefficient of

ax +b

Let y = =(ax+b)"

ax +

Differentiating y w.r.t. x successively, we get
» = (=Da(ax +b)~>
¥, =(D)(2)a’* (ax+b)”
y; =(=1)(=2)(-3)a’ (ax + b)™

Now we suppose that
Y, =(=D)2)(-3) e (-n)a” (ax+ b)_(””) ........ (3)

Differentiating both sides of equation (3) w. r. t. x, we get
Vot = EDE2N=3) e, (=n)(~(n +1))a"" (ax + b) "
Clearly, y,., is of the same form as y,, given by equation (3). This = If equation (3) is true for a
particular value of n, then equation (3) is true for next higher value of n also.
But we have already proved that equation (3) is trueforn=1, 2, 3.

Since equation (3) is true for n = 3, it is true for n = 4 also. Similarly, since equation (3) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (3) is true for every positive integer n.

From equation (3), we can write y, as follows:

v, =(=1)"nla"(ax+b) "

B (-D"a" n!
" (ax+ b)Y
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4. n* differential coefficient of ————
(ax + b)

1 _
let y=———=(ax+b)~

(ax+b)
Differentiating both sides w. . t. x successively, we get
v, =(-2)a(ax+b)~
y, =(=2)(-3)a’(ax+b)™*
y; =(2)(3)(~4)a’ (ax+b)~

Now we suppose that
Vo =(=2)(=3)(4) e (~(n+1))a" (ax+b) 2 (4)

Differentiating both sides of equation (4) w.r. t. x, we get

Vurt = (2N 3 A e (~(n+ 1) (~{(n +2))a"" (ax + b))

Clearly, y,., is of the same form as y,, given by equation (4). This = If equation (4) is true for a
particular value of n, then equation (4) is true for next higher value of n also.

But we have already proved that equation (4) is true forn=1, 2, 3.

Since equation (4) is true for n = 3, it is true for n = 4 also. Similarly, since equation (4) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (4) is true for every positive integer n.

From equation (4), we can write y, as follows:

v, =(=1" (n +1)1a" (ax+b) "2

_(=)"a" (n+1)!
- (ax +b)"?

i.e.,

5. n'" differential coefficient of log (ax + b)
Let y =log (ax + b)

Differentiating both sides w. r. t. x successively, we get

=a(ax +b)”"

Y1 =
ax +

v, =(=1) a’(ax+b)~
y; =(-1)(-2)a’ (ax +b)~

Now we suppose that



8/23

Y, =(=D(2)(=3)eerrerrmrnenn C(-D)a"(@x+b)" e, (5)

Differentiating both sides of equation (5) w. r. t. x, we get
Vo =(DE2)(3) e ((n=1)(=n)a""" (ax + b) """

Clearly, y,., is of the same form as y,, given by equation (5). This = If equation (5) is true for a
particular value of n, then equation (5) is true for next higher value of n also.

But we have already proved that equation (5) is true forn=1, 2, 3.

Since equation (5) is true for n = 3, it is true for n = 4 also. Similarly, since equation (5) is true for n =

4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (5) is true for every positive integer n.

From equation (5), we can write y, as follows:

v, =(=D)""(n=1)!a" (ax+b)™"

i.e., _(=D"'a" (n-1)!
P (ax+b)"

6. nth differential coefficient of €"
Let y=e™"

Differentiating both sides w. r. t. x successively, we get

» :memx
2

y, =m o™
3

Vs =m emx

Now we suppose that

y, =m"e™ ()|
Differentiating both sides of equation (6) w. r. t. x, we get

mx) . _ ntl _mx

_ n
Yus1 =M (me L€, Yy =m e

Clearly, y,,, is of the same form as y,, given by equation (6). This = If equation (6) is true for a

particular value of n, then equation (6) is true for next higher value of n also.

But we have already proved that equation (6) is true forn=1, 2, 3.

Since equation (6) is true for n = 3, it is true for n = 4 also. Similarly, since equation (6) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (6) is true for every positive integer n,

ie., y, =m"e™
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7. nt differential coefficient of @™

Let y=a™
Then y = o loga ( ™ = emxloga)
Differentiating both sides w. r. t. x successively, we get

y, = mloga(emxloga)

v, =mloga {m loga (emxloga ) }= (mlog a)2 (emxloga )

y; = (mloga)* {m loga (emxloga)}== (mloga)® ("¢ )

Now we suppose that

¥, = (mloga)" (¢"°¢*) e {6)
Differentiating both sides of equation (6) w. r. t. x, we get
Vo = (mloga)" {mloga(emxloga)}zz (mloga)”” (emxloga)
Clearly, y,,, is of the same form as y,, given by equation (6). This = If equation (6) is true for a

particular value of n, then equation (6) is true for next higher value of n also.

But we have already proved that equation (6) is true forn=1, 2, 3.

Since equation (6) is true for n = 3, it is true for n = 4 also. Similarly, since equation (6) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (6) is true for every positive integer n,
y, = (mlog a)n (emxloga)

i.e., y, =(mloga)" a™ ( a™ = em’dog”)

i.e., v, =m"(loga)" a™

8. nth differential coefficient of sin (ax + b)

Let y =sin(ax+b)

Differentiating both sides w. r. t. x successively, we get
. s
y, =acos(ax +b) = asm(ax +b+ EJ
i . T T . s
v, =a’ cos(ax+b+5j:a2 sm(ax+b+5+5j:a2 sm(ax+b+25j

Vs =a3cos(ax+b+2§J=a3 sin(ax+b+2§+g)=a3 sin(ax+b+3gj

Now we suppose that
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v, =a”sin(ax+b+ngj .......... (7)
Differentiating both sides of equation (7) w.r.t. x, we get

T . non
Vo =a™! cos(wc+l7+115j=a”+1 sm(ax+b+n5+5J

e, y,,=a""sin (ax+b+(n+l)§j

Clearly, y,., is of the same form as y,, given by equation (7). This = If equation (7) is true for a
particular value of n, then equation (7) is true for next higher value of n also.

But we have already proved that equation (7) is true forn=1, 2, 3.

Since equation (7) is true for n = 3, it is true for n = 4 also. Similarly, since equation (7) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (7) is true for every positive integer n,

i.e.,

0o nm
y,=4a sm(ax+b+7j

9. nth differential coefficient of cos (ax + b)
Let y=cos(ax +b)

Differentiating both sides w. r. t. x successively, we get

yl=—asin(ax+b)=acos(ax+b+gj
y, =—a’sin ax+b+Z|=a’cos| ax+b+Z+ 2 |=a’cos| ax+h+2T
2 2 2 2

Vs =—a3sin(ax+b+23j=a3cos(ax+b+2§+gj=a3cos(ax+b+3gj

Now we suppose that

y,=a" cos(ax+b+n§} .......... (8)

Differentiating both sides of equation (8) w. r. t. x, we get

. T T on
Vo =—a""! sm(ax+b+n5J=a”” cos(ax+b+n5+5)

e, y,=a"" cos(ax+b+(n+l)g)

Clearly, y,., is of the same form as y,, given by equation (8). This = If equation (8) is true for a
particular value of n, then equation (8) is true for next higher value of n also.

But we have already proved that equation (8) is true forn=1, 2, 3.

Since equation (8) is true for n = 3, it is true for n = 4 also. Similarly, since equation (8) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (8) is true for every positive integer n,

i.e.,

" nm
Vv, =a cos(ax+b+7J
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10.  n* differential coefficient of ¢“ sin(bx +c)
Let y =e“ sin(bx +c¢)
Differentiating both sides w.r. t. x, we get
v, =ae” sin(bx +c) + be™ cos(bx + c)
Put a=rcos® and b=rsin0 sothat r =+a’ +b> and O =tan" b
Then we have ’
v, =rcosBe” sin(bx +c)+rsinQe™ cos(bx + c)
= re™ (sin(bx + ¢) cos O + cos(bx + c)sin 6)
=re“sin(bx+c+0)
Similarly, differentiating y w.r.t. x twice, thrice, ......... , we get

v, =r* e™sin(bx + c + 20)

Vs =r° e sin(bx + ¢ + 30)

Now we suppose that
v, =r"e“sin(bx+c+nb) ... (9)

Differentiating both sides of equation (9) w. r. t. x, we get

Vo =1" [ae‘”‘ sin(bx + ¢ +n0) + be™ cos(bx +c+ ne)]

n _ax

= r"e™ [asin(bx + ¢ + n0) + bcos(bx + ¢ + nb)]|

n __ax

=r"e™ [r cosOsin(bx + ¢ + n6) + r sin 8 cos(bx + ¢ + n0)]

(using a =rcos 9, b =sin )

_ n+l _ax

= r"e™ [sin(bx + ¢ + n) cos 0 + cos(bx + ¢ + n6)sin 6]

_ _n+l _ax

=r""e” sin(bx +c +nb + 0)

_ n+l _ax

=r""e sin(bx +c+(n+ 1)9)
Clearly, y,., is of the same form as y,, given by equation (9). This = If equation (9) is true for a
particular value of n, then equation (9) is true for next higher value of n also.
But we have already proved that equation (9) is true forn=1, 2, 3.

Since equation (9) is true for n = 3, it is true for n = 4 also. Similarly, since equation (9) is true for n =
4, it is true for n =5 also and so on.

Therefore, by mathematical induction, equation (9) is true for every positive integer n,

e, |y =p"e™sin(bx+c+n0), wherer =+/a>+b> and 0=tan" 2
a
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11. n* differential coefficient of ¢ cos(bx +c)
Let y=e" cos(bx+c)
Differentiating both sides w.r. t. x, we get

v, =ae” cos(bx +c) —be™ sin(bx + c)

Put a=7rcos® and b =rsind sothat r =+a’ +b> and O =tan"’ 2
a
Then we have

y, =rcosBe” cos(bx+c)—rsinfe” sin(bx + c)

= re™(cos(bx +c)cos O —sin(bx + c)sin 0)
=re” cos(bx +c+0)

Similarly, differentiating y w.r.t. x twice, thrice, ......... , we get
v, =r* e™ cos(bx + ¢ + 20)

vs =7 e cos(bx + ¢ +30)

Now we suppose that

v, =r"e“cos(bx+c+n0) ... (10)

Differentiating both sides of equation (10) w. r. t. x, we get

Vo =1" [ae”" cos(bx + ¢ + nB) —be™ sin(bx +c + ne)]

n _ax
e

[a cos(bx + c + n®) —bsin(bx + ¢ + nb)]

= r"e" [rcosOcos(bx + ¢ + n0) — r sin Bsin(bx + ¢ + n0)]
(using a =rcos 9, b=sin0)

=r"le™ [cos(bx + ¢+ n0) cos O —sin(bx + ¢ + nH) sin 9]

n+l _ax

=r""e" cos(bx +c+nb+0)

=r"e™ cos(bx +c + (n+1)0)
Clearly, y,., is of the same form as y,, given by equation (10). This = If equation (10) is true for a
particular value of n, then equation (10) is true for next higher value of n also.

But we have already proved that equation (10) is true forn=1, 2, 3.

Since equation (10) is true for n = 3, it is true for n = 4 also. Similarly, since equation (10) is true for n
=4, itis true for n =5 also and so on.

Therefore, by mathematical induction, equation (10)) is true for every positive integer n,

i.e.,

n ax — b
v, =r" e“ cos(bx +c+n0),wherer =+a>+b*> and 0 =tan ' —
a
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Example 5 : Find n™ differential coefficient of 1 .
(1+x)?
Soluti L !
olution : Let ¥ =
(1+x)°

Differentiating both sides w. r. t. x successively, we get
i =(2)(1+x)7
¥ =(2)3) A+ 0™
¥ =(=2)(3)(-4)1+x)7

Proceeding in this way, we get

Vo =(2)(=3)(4) e (= (n+1))1+x)"2

(=D (n+1)!

ie., n =
4 (1+x)"?

Example 6 : Find y, if y=sin® xcos” x.

Solution : We have

y= sin? xcos? x = l(2sinxcos x)? = l(sin 2x)* :lsin2 2x = 1
4 4 4 4

1—cos4x
2

1 1
ie., =———cos4x
T8y
This = YV, = 0—14" COS(4X+M]
8 2
using the formula : y, = a" cos ax+b+ " it y=cos(ax +b
> y
e, y,==-2"" cos(4x +L2nj

Example 7 : Find y, if y=e"sin’ x.

Solution : We have

N X(l—coszx)
y=e'sin“x=e —
. 1 . 1 .
i.e., y:Ee —Ee cos 2x

This = y, = %ex —%(12 + 22)5e" cos (2x+ ntan” 2)
using the formulae : y, =m"e™ ify=e™

n

(a> +b*)2e™ cos (bx +c+ntan” éj if y = e™ cos(bx +¢)
a

and Vo

ie., Y, = ;ex[l—(S)Z cos[2x+ntan_lzﬂ-
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1

. . 2

Example 8 : If y =sinmx+cosmx,prove that y, = m”[l+(—l) s1n2mx] A
Solution : We have

y =sinmx+ cosmx

This= y =m" sin (mx + n;} +m" cos [mx + n;c)

using the formulae : vy, =a" sin (ax +b+ %) if y =sin(ax + b)
n n | .
and y,=a cos(ax+b+7j if y =cos(ax + b)
: nl nm nm
e, y,=m"{sin|mx+—/|+cos |mx+—/;.
{ [ 2 ] 2 ]}
I
22
. nm
This =y, =m" {sm mx+— + cos [mx+2]}

1

T 2 nm . nm nmll2
=m [sm mx+}+cos [mx+2]+2s1n[mx+2]cos [mx+2ﬂ

1

nm||2
=m 1+2s1n mx+—]cos {mx-r—]
[ 2 2

—m”[l + sin2[mx+n;c

}2 (using the formulae 2sin0cos0 = sin20)

1

=m" [l + sin (2mx + mr)]2
1

. . 2
= m" [1 +sin 2mx cos n m+cos 2mx sin n
1

:m”[1+(—1)” sin 2mx]2 (since cosnm=(—1)"and sinnt=0)

3. Method of finding n'" derivative of an Algebraic Rational Function

In order to find the n' derivative of an algebraic rational function, it is first required to check
whether the denominator of the given algebraic rational function is resolvable into real linear factors

or not.

If the denominator of the given algebraic rational function is resolvable into real linear factors, then
the given algebraic rational function is resolved into partial fractions. In this case, the denominator of
each partial fraction thus obtained consists of real linear factors, repeated or non-repeated,
therefore the n'" derivative of the given algebraic rational function can be found out by directly using
the formulae derived earlier for nt" derivative of some standard functions.

If the denominator of the given algebraic rational function is not resolvable into real linear factors,
then its n™ derivative is found out by the application of De Moivre’s theorem.
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4

Example 9 : Find y, if -
Ity (x—D(x-2)
Solution : We have
4 4 .
y= al =— al =x2+3x+7+i5xil4
(x-D(x-2) x " —3x+2 X" =3x+2
15x-14
e, y=xt 43+ T4 T (1)
(x-1D(x-2)
15x-14 . .
Now let us resolve —— — into partial fractions.
(x—D(x-2)

15x—-14 A B

Let = + .(2)
(x-D(x-2) x-1 x-2

15x-14  A(x-2)+B(x-1)
(x-D(x-2)  (x=1)(x-2)
=15x-14=A(x-2)+B(x-1) (3)

This=

Putting x =1 on both sides both sides of equation (3), we get A =—1.
Putting x =2 on both sides both sides of equation (3), we get B =16.

Substituting the values of 4 and B in equation (2) and using equation (1), we get

16 1

y=x"+3x+7+

x—2 x-1

This = y, =0+ 0+ 0416 7t | | GDn!
(x=2)"" (x-1""!

(-)"a"n! N 1
(ax + b)"*! ax +b
16 1
ie, y,=(-1)"n! - :
y ( ) |:(x_2)n+1 (x_l)n+l:|

2
X

(x=D*(x+2)’

(usig the formula:y, =

Example 10: Find y,if y=

Solution : We have

2
X

T —D)(x+2) A1)

Y

2

X
Let us resolve ——— ——_ into partial fractions.
(x=-D"(x+2)

x’ A B C
Let 5 = + >+
(x-D*(x+2) x-1 (x-1)* x+2

(2)
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, x? A(x 1) (x+2)+ B(x +2) + C(x - 1)*
This= =
(x-D*(x+2) (x-1)2(x+2)
Sxl=Ax-D(x+2)+B(x+2)+C(x-1* .03

Putting x =1 on both sides of equation (3), we get B=1/3.
Putting x = —2 on both sides of equation (3), we get C=4/9.

Equating the coefficients of x? from both sides of equation (3), we get

1= A+ C,which :>A=1—C=l—i=§.
9 9

Substituting the values of 4, B and C in equation (2) and using equation (1), we get

)il
Y 9\ x-1 3(;6_1)2 9 (x+2

1" 5! _1\" ' 1\ '
This:>yn=§ =D n'l _,_l =D (n+21). +i (=1 n-l .
N x-n""| 3 (x-Dn"™ 9| (x +2)"
using the formulae: —M if =
. I (ax + b)™"! ax+b
_ n n '
and = ( 1) a (ni_zl)' if y= 1 5
(ax +b)" (ax + b)
E le 11 dy,if ¥ 1
xample : Fi i = .
P e x*+a’
Solution : We have
y=—=' X 1 _ 1 [ (x+ia)—(x—ia)
x+a?  (x+ia)(x—ia) 2ia| (x+ia)(x—ia)

_ _ 1 . VR
e 2ia| (x—ia) (x+ia)

_ n | _ n | _ n n |
This:ynz# D n'1 - D n'I usig the formula: y, =(1)—aniif y= !
2ia| (x —ia)"™"  (x+ia)"" (ax + b)"* ax +b

. (=1)"n! 1 |
I.e., Yn = ; N AN
2ia | (x—ia) (x+ia)
Now put x=7cos® and a=rsin0sothat 7 =+/x> +a> and 0=tan"' <
x

Then we have

_(=D)"n! 1 _ 1
I 2ia | (rcos®—irsin®)"" (rcos®+irsin)""
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, (=1)'n! 1 1
This= y, = n+l .. nt . n+l
2iar (cosB—isin0) (cosO+isin0)
—1N"n! .
= (21) ,Zl |:( ii)nﬂ —( iel)n+1:| (usig the formula: ele =cos 0 +isin 9)
uar e e

_ -D"n! 1 1
- 2iar"™| o i(nDo - o/ (e
_ (2—1611):;11' [ei(n+1)9 _e—i(n+1)9]

(1) n!
2ig r"™!

[{cos(n +1)0 +isin(n +1) 8} — {cos(n +1) 6 —isin(n +1) }]

—1"n!
_ (2 Dt s isin(n+1)6]
wuar

zmsm(nﬂ)g (since a=rsinb, i.e., rz.ij
a Y sin®
¢ (sin 6]

—1)"n!
e, v, _( 1Z+2n. sin"" @sin(n+1)0.
a

Example 12: Find y,if y = tan "' x.

Solution : We have

y:tan_1 x

Differentiating both sides w.r. t. x, we get

y -
y1_1+x2
This = 3 ;L{w}
(x+)(x—i) 2i| (x+i)(x—1iQ)

| BRI
e NI e e

Differentiating y, w.r.t. x (n—1) times, we get

3l o) a o)
y"_2i dx"'\ (x=i)) dx""\ (x+1)
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This = y -1 (_1)}171(”_1)!_ =) (n—1)!
b2 (-0 (x +1)"
using the formula: y :M i — 1
T (ax+b)™! ax+b
i _EY -1
e, 2 =iy (xti)’ .

Now put x=7cos® and 1=7sin0 sothat »=+/x> +1 and 9=tan’ll
X

Then we have

_ (D" (n-1)! { 1 1 }

& 2i (rcos®—irsin®)" (rcosO+irsin0)”

This= y, = D" 1)t { 1 1 }

2ir" (cosO—isin@)" (cosO+isin@)”
_ n—1 _ ' .
=( D (]Z l)' —}e ' IL - (using ele =cosO+isin0)
20 L@ (@)

2il"n —in® eme

_ D (=) Ll 1 }

_ (_l)nil(”—l)! [eine _e—ine]

2ir"

n—-1
:%[{cosneﬂsinne}—{cosne—isinne}]
L r

= M[Zisinn 0]

2ir"

zwsinne (since 1=rsinb, i.e., r=#j
( 1 j” sin®
sin©

ie, v, =(=1)""'(n—1)!sin"0sinn 6.

Leibnitz’s Theorem

Leibnitz’s Theorem is used to find the n'" derivative of the product of two functions. Its statement
and proof are as follows :

Statement: If u# and v are two functions of x, possessing derivatives of the n" order, then

(uv)n = "Cou,v+"Ciu, v+"Cyu, 5V, + ... +'Cty V) F o +"C,uv,.

Proof :Let y=uV, where u and v are functions of x.

Differentiating both sides w. r. t. x, we get



19/23

Vi =u v+uvy
Clearly, y, can be written as
y,="Couy v+ 'Cruv, ( 'C,=1, 'C, = 1)

This= Leibnitz’s Theorem is true for n =1.

Differentiating y, w.r.t. X, we get

Vs =(u2 v4+u, V1)+(u1 2 +uv2)=u2 V+2u, v +uv,
Clearly, y, can be written as

Vv, = Cytty v+ *Cuy vi+°Cyuv, ( ’C,=1, °C,=2, °C, = 1)
This=> Leibnitz’s Theorem is true for n=2.
Differentiating y, w.r.t. x, we get

y; = (u3 v+u, v1)+2(u2 v +u, v2)+(u1 V, +uv3)=u3 v+3u, v, +3u, v, +uv;,
Clearly, y, can be written as

Vs =Cotts v+ "Cyuty v+ Cou (v, +°Cyu vy ( ’C,=1, °C, =3, °C, =3, °C, =1)
This= Leibnitz’s Theorem is true for n=3.
Now we suppose that Leibnitz’s Theorem is true for a particular value of n, say, m, i.e., we suppose
that

V= "Cott,v+"Cithy Vi +"Cy thyy_2Vy + eveenrnnn. +"Co Uy Ve +C iy, V)

F e +"C, yu v, +"C,uv,, Q)

Differentiating both sides of equation (1) w. r. t. x, we get

Y1 = "Cy (um+1V +umv1)+mcl (umvl tUu, vy )"'mcz (um71v2 + um72v3)

RIETRTNTE +mcr71 (um7r+2vrfl TUy Y, )+mCr (um—rﬂvr + um—rer)
S UV R +"C,4 (u2 Voo +U; Vv, )+'"Cm (u1 v, + uvmﬂ)

This = y,., = "C, 1,¢,,H1v+(”’C0+”’C1)u,,,v1 +(’”Cl+’”C2 )um,lv2 F e +
("Co+7C ity vy oot ("Cp s+ Co Yty +"C vy 2)

But we know that "C,, + "C, = ""'C.

Putting r =1,2,3,....... , m successively in this well-known result, we get

m mey _ m+l m m _m+l m m _m+l
Co+"C="C, "CH"C,="TC, e ,C+"CL="C,

Also, we know that "C, = ""'C, =1 and "C, =""C,,, =1.
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Substituting these values in equation (2), we get

_ m+l m+1 m+1
V1 = T Co UV T C U, v+ T, Uy Ve i,

+"C U V) e, +"C uw, + "C v,y e (3)

m+l-r¥r
Equation (3)= Leibnitz’s theorem is true for n=m +1.

Thus we have proved that if Leibnitz’s Theorem is true for a particular value of n, say, m, then it is
true for next higher value of n, i.e., for m+1 also.

But we have already proved that Leibnitz’s Theorem is true forn=1, 2, 3.

Since Leibnitz’s Theorem is true for n = 3, it is true for n = 4 also. Similarly, since Leibnitz’s Theorem is
true for n=4, itis true forn =5 also and so on.

Therefore, by mathematical induction, Leibnitz’s Theorem is true for every positive integer n, i.e., we
have

(v), = "Cout,v+"C, thy v, +"Cy thy 5V + oo +"C Uy Vy F e +"C,uv,

Example 13 : Find y, if y=x%e?".
Solution : By Leibnitz’s Theorem, if ¥ =uV, then

Vo= U +"Cotty n+"Cothyy gV + e +"C,uv, ..(1)

We are given that y = x%e?" .

Therefore, we can take u = %~, v=x>.

2 _ax 3 ax n _ax

ax
Then we have u, =ae®™, u, =a’e”,u;=ae”,........ ,u,=a'e

and v=2x, v, =2, v;,=0,v, =0,.......... ,v, =0.

Substituting these values in equation (1), we get
v, = a'e"x’ +"C a"e” (2x)+"Cya" ™ (2) +0+0+.....

n(n-1

) an72etvr (2)

a"e“x*+na"'e™(2x)+

= a"e“[a’x* + 2nax+n(n-1)].

Example 14 : Find y, if y=x?logx, where n>3.
Solution : By Leibnitz’s Theorem, if ¥ =uV, then

Vo= uv+"'Cou, v +"Cotty yVy + .. +'C,uv, ..(1)
We are given that y = x* logx.

Therefore, we can take u =logx, v =x".



Then we have

D SR S ) ) D)= (=) _ (D (n=1)!
1= Uy =——,Uz3 = T peeseeaeeane U, = , = ;

X X X X X
and v, =2x, v, =2, v;=0, v, =0,.cc0ceerrenn.nn. ,v, =0.

Substituting these values in equation (1), we get

g = V0D o, EDZ0=DY e, EDC=D ) 6404
x x x
O -1y 4G D=2 C, (1-3)1(2)]
x
_= 1) "

(D)1= n(n-2)1(2) + "(” LIUDENTEN

_C ”"3[<n D21 -3)1-2nn-2)n~3) (1 1) (n-3)1]
x"

LD =2 = 2n(1=2)+ (a1
X

_ (=D (n-3)!
(_1)2 n—-2
_=D _l(n 3)!
x"

[(n* =3n+2)—(2n" =2n)+ (1> —n)]

)

_2(-)"'(n-3)!

xn—2

Example 15 : If y=(sin"' x)?, prove that (1— xz)y,,+2 -2n+D)xy,., — nzy,, =0.
Solution : Given that y = (sin~' x)%.

Differentiating both sides w. r. t. X, we get

1
y, =2(sin”" x
R
This= y;V1—x" =2sin"' x

= ylz(l —xz): 4 (sin™' x)2 (on squaring both sides)

= y12(1_x2): 4y ( y = (sin "' x)? given)
Differentiating both sides w. r. t. X, we get
2y, (1-x*) + ylz(_ 2x) =4y
This= 2y, [y,(1-x*)—xy, 1= 4y,
= y,(1-x*)—xy, =2
Differentiating both sides n times w. r. t. x and using Leibnitz’s Theorem, we get

[Vie2 (1= X))+ C1y (222)+"Cop, ()] = [V, +"Cry, (D] = 0
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(by Leibnitz’s Theorem, (uv), = u,v+"Cyu, v;+"Cott, yVy +.ueeecea"C, 1 v,))

This= {y L= x2) 41 3y 0(-20)+ @yn (—2)} [ppaxtny,]=0

= Y,0(=x")=2n+1)xp,, —[n(n=1)+nly, =0
= (l_xz)yrHZ _(2n+1)xyn+l _”2yn = 0

1 _ 1
Example 16 : If ym + 3 m =2x, prove that (x* —1)y,., + 2n+1Dxp,., +(n° —m*)y, =0.

1 1
Solution: Giventhat y” +y ™ =2x.

Differentiating both sides w. r. t. X, we get

iy”’ y1+[—ljy "oy =2

m
1 1

This:>l 24 yl—l 24 vy =2
m-y m-y

1 _1
=2 [y’” -y ’”}=2my

2
1 1

:>)’12 [J’m -y " } = 4W12y2 (on squaring both sides)
2 w - i 2.2
2N ||y ty —4y™y =4m”y

1 1
= ylzl_(?_)c)2 - 4J= 4m’y* ( yr4y m=2x givenJ
=4y’ (x" =1)=dm>y’
=y (=) =m’y’
Differentiating both sides w. r. t. X, we get
2y, (X =1+ ylz(zx) =m’(2yy)
This=> 2y,[y,(x” = 1)+ xp 1= 2y, (m’y)
=y (X =D +xp, =m’y.
Differentiating both sides n times w. r. t. x and using Leibnitz’s Theorem, we get
[0 (67 =DH"C13,1 (22)+"Coy, DT+ [Yyax+"Cry, (D] = m* y,

(by Leibnitz’s Theorem, (uv), = u,v+"Cyu, v;+"Cytt, yVy +.ueeeeea"C, uv,)

n(n-1)
2

This = {y (P =1)+ny,,(2x)+ Y (2)} +ypax+ny,|=m’y,



= yn+2('x2 _1)+(2n+1)xyn+1 +[n(n_1)+n]yn = mzyn

= (7 =1)Y,2 + @A DX, +(0° —m*)p, = 0.

Exercises

1.

If y = Asinmx + Bcosmx, prove that y, = —m*y.
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2. If y=sin(sinx), prove that y, + y, tan x + ycos” x = 0.
3. If y:log(xj , prove that x’y, = (y —x y,)%.
a-+bx
5 5 d’y h* —ab
4. If y=ax"+2hxy+by” =1, prove that = 5
dx~ (hx+by)

. . 1

5. Findy,if y=—"—
T
6. Find y, if y= r
4 (1+x)
7. Find y, if y=x%¢"sinx.
8. If y= exz’ prove that Yne1 — 2xyn —2n V-1 =0.
9. If y=sinm(sin” x), prove that lim 222 = n* — m>.
x—0 y
n
10. If y:e‘“a”_lx =y + a4, X+ ayx” F oo, , then prove that (n+2)a,,, +na, = a,,,.
Answers
5 _ =Dt D'l (D (D! (D" (n+2)!
« Yn (x_z)rHl (x_l)n+1 (x_l)n+2 2(x_1)n+3
!
6. - n
I (x+D)™!
%22):- —11 ”7_12x~ —1l

7. y,=5%x"e"" sin| x +ntan > +2nx5 % e sin| x+(n—1)tan >

n2
+n(n—-1)52 ™ sin(x+(n—2)tan'1 ;)



