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Magnetohydrodynamic equations

The motion of the normal fluid is described by the equations

of hydrodynamics which represent the conservation laws of
mechanics. The conservation of matter is described by the law of con-
tinuity. If p is the density and v the velocity

® . gi =
Tk div (pv) =0

%g+pdivv+vgradp=0. ()
The second equation of hydrodynamics relates to gain of momen-
tum in a fluid element to the forces which act upon it. Hence

p[%]=—gradl’+pg +F -(2)

where 2 is the pressure, /7 is the viscous force per unit volume and the
gravitational force is represented by pg where g is the acceleration due
Lo gravity, —:li‘ is the mobile operator so that
a_9
dt ot
Consider the clectromagnetic effect
N i j sud
Magnetic stress (; % 8) This means that we have to utilize the
generalised version of Ohm's law in which the clectric field is taken as
that seen by an observer moving with the fluid. Hence the forces on a

unit charge moving with the fluid with velocity v is the force as due to
sum of the electric ficld and Lorentz field. As it is unit charge the total

+ v grad.

electric field will be z«:+§ x B | Then

E* =E +%*xB o b
l=o[£+%x8] e (4)

If the fluid is a perfect conductor -:; = 0 Hence

E+§><B=o ... (5)

Neglecting the gravitational and viscous forces in cquation... (2)
include the force due to electromagnetic effect

p(g—v)-—gradl’-o-%(ixB)

dt
av 1
or -a—‘+vgmdv =—gmdP+:(le) .. (6)
Maxwell’s equations are
1 curip =i e (D)
L c
DY '} ... (8)
curl &£ Ptali T

div B = 0 - (9)

div ;:ig—ﬁ ... (10)

From cquation (1) if p is invariant



pdivv=0
or divv=0

Since a conducting fluid moving in a magnetic field.
Then transform the equations in terms of the parameters, p, v, P and
B and eliminate £ and i from equation (3.7)

o |
l_u41t curl B

Putting the value of i in equation (6)

dv 11 ¢ 1
p[at +vgrava— — grad P + C[u‘mcurleB}

1
=—grad P + y [curl B x B]

=—VP—L-VBZ+LB-VB wik11)
8mu 4t

From equation (7)

L curl (curl B)= An curl
[ c

=ﬂ curl[o{E+3xB}J
c c

Ill-[graddivB—VZB]zif[curlE+curl v>;BJ

as div B = 0 equation (9)

—iVZ =§%[ccur1E+curl(v><B)]
c

e ot
as curl (v X B) = v div B — B div v — (v grad) B + (B grad) v

then Ill-VzB:L?[—aa—?—vdivB+Bdivv+(vV)B—(BV)v:’

ﬁszzh—zc[a—B—curl(va)J

c
Since div B = 0

ﬁVzB:m[%?+Bdivv+(vV)B—(BV)v:,

o2
& oB .
—E _gmn @B - .. (12
Fr=y B 5 TBdivv+(W)B—(BV) v (12)
Thus the modified MHD equations as follows :
P

at+pdivv+vgradp=0

dv - ___l_ 2 -1_ .VB
p[57+vVv:|— vp = VB +47tuB

aB . C2 2
E+B divv+(W)B—-(BV)vy = 4n0_uV B
The RHS becomes zero when ¢ — o

divB =0

divv=20




